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as	true	or	false.	In	each	part,	V	and	W	are	finite-dimensional	vector	spaces	(over	F	),	and	T	is	a	function	from	V	to	W.	(a)(b)(c)(d)(e)(f	)(g)(h)If	T	is	linear,	then	T	preserves	sums	and	scalar	products.	If	T(x	+	y)	=	T(x)	+	T(y),	then	T	is	linear.	T	is	one-to-one	if	and	only	if	the	only	vector	x	such	that	T(x)	=	0	is	x	=	0	.	If	T	is	linear,	then	T(0	V	)	=	0	W	.	If	T	is
linear,	then	nullity(T)	+	rank(T)	=	dim(W).	If	T	is	linear,	then	T	carries	linearly	independent	subsets	of	V	onto	linearly	independent	subsets	of	W.	If	T,	U	:	V	→	W	are	both	linear	and	agree	on	a	basis	for	V,	then	T	=	U.	Given	x1	,	x2	∈	V	and	y1	,	y2	∈	W,	there	exists	a	linear	transforma-	tion	T	:	V	→	W	such	that	T(x1	)	=	y1	and	T(x2	)	=	y2	.	For	Exercises	2
through	6,	prove	that	T	is	a	linear	transformation,	and	find	bases	for	both	N(T)	and	R(T).	Then	compute	the	nullity	and	rank	of	T,	and	verify	the	dimension	theorem.	Finally,	use	the	appropriate	theorems	in	this	section	to	determine	whether	T	is	one-to-one	or	onto.	2.	T	:	R3	→	R2	defined	by	T(a1	,	a2	,	a3	)	=	(a1	−	a2	,	2a3	).	3.	T	:	R2	→	R3	defined	by	T(a1	,
a2	)	=	(a1	+	a2	,	0,	2a1	−	a2	).	4.	T	:	M2×3	(F	)	→	M2×2	(F	)	defined	by			a11	a12	a13	2a11	−	a12	a13	+	2a12	T	=	.	a21	a22	a23	0	0	5.	T	:	P2	(R)	→	P3	(R)	defined	by	T(f	(x))	=	xf	(x)	+	f		(x).	Sec.	2.1	Linear	Transformations,	Null	Spaces,	and	Ranges	75	6.T	:	Mn×n	(F	)	→	F	defined	by	T(A)	=	tr(A).	Recall	(Example	4,	Sec-	tion	1.3)	that		n	tr(A)	=	Aii	.	i=1	7.
Prove	properties	1,	2,	3,	and	4	on	page	65.	8.	Prove	that	the	transformations	in	Examples	2	and	3	are	linear.	9.10.In	this	exercise,	T	:	R2	→	R2	is	a	function.	For	each	of	the	following	parts,	state	why	T	is	not	linear.	(a)	(b)	(c)	(d)	(e)	T(a1	,	a2	)	=T(a1	,	a2	)	=T(a1	,	a2	)	=T(a1	,	a2	)	=T(a1	,	a2	)	=(1,	a2	)	(a1	,	a21	)	(sin	a1,	0)	(|a1	|,	a2	)	(a1	+	1,	a2	)	Suppose
that	T	:	R2	→	R2	is	linear,	T(1,	0)	=	(1,	4),	and	T(1,	1)	=	(2,	5).	What	is	T(2,	3)?	Is	T	one-to-one?	11.12.13.14.Prove	that	there	exists	a	linear	transformation	T	:	R2	→	R3	such	that	T(1,	1)	=	(1,	0,	2)	and	T(2,	3)	=	(1,	−1,	4).	What	is	T(8,	11)?	Is	there	a	linear	transformation	T	:	R3	→	R2	such	that	T(1,	0,	3)	=	(1,	1)	and	T(−2,	0,	−6)	=	(2,	1)?	Let	V	and	W	be
vector	spaces,	let	T	:	V	→	W	be	linear,	and	let	{w1	,	w2	,	.	.	.	,	wk	}	be	a	linearly	independent	subset	of	R(T).	Prove	that	if	S	=	{v1	,	v2	,	.	.	.	,	vk	}	is	chosen	so	that	T(vi)	=	wi	for	i	=	1,	2,	.	.	.	,	k,	then	S	is	linearly	independent.	Let	V	and	W	be	vector	spaces	and	T	:	V	→	W	be	linear.	(a)	Prove	that	T	is	one-to-one	if	and	only	if	T	carries	linearly	inde-	pendent
subsets	of	V	onto	linearly	independent	subsets	of	W.	(b)	Suppose	that	T	is	one-to-one	and	that	S	is	a	subset	of	V.	Prove	that	S	is	linearly	independent	if	and	only	if	T(S)	is	linearly	inde-	pendent.	(c)	Suppose	β	=	{v1	,	v2	,	.	.	.	,	vn	}	is	a	basis	for	V	and	T	is	one-to-one	and	onto.	Prove	that	T(β)	=	{T(v1	),	T(v2	),	.	.	.	,	T(vn	)}	is	a	basis	for	W.	15.Recall	the
definition	of	P(R)	on	page	10.	Define		x	T	:	P(R)	→	P(R)	by	T(f	(x))	=	f	(t)	dt.	0	Prove	that	T	linear	and	one-to-one,	but	not	onto.	76	Chap.	2	Linear	Transformations	and	Matrices	16.	Let	T	:	P(R)	→	P(R)	be	defined	by	T(f	(x))	=	f		(x).	Recall	that	T	is	linear.	Prove	that	T	is	onto,	but	not	one-to-one.	17.	Let	V	and	W	be	finite-dimensional	vector	spaces	and	T	:	V	→
W	be	linear.	(a)	Prove	that	if	dim(V)	<	dim(W),	then	T	cannot	be	onto.	(b)	Prove	that	if	dim(V)	>	dim(W),	then	T	cannot	be	one-to-one.	18.	Give	an	example	of	a	linear	transformation	T	:	R2	→	R2	such	that	N(T)	=	R(T).	19.Give	an	example	of	distinct	linear	transformations	T	and	U	such	that	N(T)	=	N(U)	and	R(T)	=	R(U).	20.Let	V	and	W	be	vector	spaces
with	subspaces	V1	and	W1	,	respectively.	If	T	:	V	→	W	is	linear,	prove	that	T(V1)	is	a	subspace	of	W	and	that	{x	∈	V	:	T(x)	∈	W1	}	is	a	subspace	of	V.	21.Let	V	be	the	vector	space	of	sequences	described	in	Example	5	of	Sec-	tion	1.2.	Define	the	functions	T,	U	:	V	→	V	by	T(a1	,	a2,	.	.	.)	=	(a2	,	a3	,	.	.	.)	and	U(a1	,	a2	,	.	.	.)	=	(0,	a1	,	a2	,	.	.	.).	T	and	U	are
called	the	left	shift	and	right	shift	operators	on	V,	respectively.	(a)	Prove	that	T	and	U	are	linear.	(b)	Prove	that	T	is	onto,	but	not	one-to-one.	(c)	Prove	that	U	is	one-to-one,	but	not	onto.	22.23.Let	T	:	R3	→	R	be	linear.	Show	that	there	exist	scalars	a,	b,	and	c	such	that	T(x,	y,	z)	=	ax	+	by	+	cz	for	all	(x,	y,	z)	∈	R3	.	Can	you	generalize	this	result	for	T	:	Fn	→
F	?	State	and	prove	an	analogous	result	for	T	:	Fn	→	Fm	.	Let	T	:	R3	→	R	be	linear.	Describe	geometrically	the	possibilities	for	the	null	space	of	T.	Hint:	Use	Exercise	22.	The	following	definition	is	used	in	Exercises	24–27	and	in	Exercise	30.	Definition.	Let	V	be	a	vector	space	and	W1	and	W2	be	subspaces	of	V	such	that	V	=	W1	⊕	W2	.	(Recall	the
definition	of	direct	sum	given	in	the	exercises	of	Section	1.3.)	A	function	T	:	V	→	V	is	called	the	projection	on	W1	along	W2	if,	for	x	=	x1	+	x2	with	x1	∈	W1	and	x2	∈	W2	,	we	have	T(x)	=	x1	.	24.	Let	T	:	R2	→	R2	.	Include	figures	for	each	of	the	following	parts.	Sec.	2.1	Linear	Transformations,	Null	Spaces,	and	Ranges	77	25.26.(a)	Find	a	formula	for	T(a,	b),
where	T	represents	the	projection	on	the	y-axis	along	the	x-axis.	(b)	Find	a	formula	for	T(a,	b),	where	T	represents	the	projection	on	the	y-axis	along	the	line	L	=	{(s,	s)	:	s	∈	R}.	Let	T	:	R3	→	R3	.	(a)(b)(c)If	T(a,	b,	c)	=	(a,	b,	0),	show	that	T	is	the	projection	on	the	xy-	plane	along	the	z-axis.	Find	a	formula	for	T(a,	b,	c),	where	T	represents	the	projection	on
the	z-axis	along	the	xy-plane.	If	T(a,	b,	c)	=	(a	−	c,	b,	0),	show	that	T	is	the	projection	on	the	xy-plane	along	the	line	L	=	{(a,	0,	a)	:	a	∈	R}.	Using	the	notation	in	the	definition	above,	assume	that	T	:	V	→	V	is	the	projection	on	W1	along	W2	.	(a)	(b)	(c)	(d)	Prove	that	T	is	linear	and	W1	=	{x	∈	V	:	T(x)	=	x}.	Prove	that	W1	=	R(T)	and	W2	=	N(T).	Describe	T	if
W1	=	V.	Describe	T	if	W1	is	the	zero	subspace.	27.	Suppose	that	W	is	a	subspace	of	a	finite-dimensional	vector	space	V.	(a)	Prove	that	there	exists	a	subspace	W	and	a	function	T	:	V	→	V	such	that	T	is	a	projection	on	W	along	W	.	(b)	Give	an	example	of	a	subspace	W	of	a	vector	space	V	such	that	there	are	two	projections	on	W	along	two	(distinct)
subspaces.	The	following	definitions	are	used	in	Exercises	28–32.	Definitions.	Let	V	be	a	vector	space,	and	let	T	:	V	→	V	be	linear.	A	subspace	W	of	V	is	said	to	be	T-invariant	if	T(x)	∈	W	for	every	x	∈	W,	that	is,	T(W)	⊆	W.	If	W	is	T-invariant,	we	define	the	restriction	of	T	on	W	to	be	the	function	TW	:	W	→	W	defined	by	TW	(x)	=	T(x)	for	all	x	∈	W.	Exercises
28–32	assume	that	W	is	a	subspace	of	a	vector	space	V	and	that	T	:	V	→	V	is	linear.	Warning:	Do	not	assume	that	W	is	T-invariant	or	that	T	is	a	projection	unless	explicitly	stated.	28.	Prove	that	the	subspaces	{0	},	V,	R(T),	and	N(T)	are	all	T-invariant.	29.	If	W	is	T-invariant,	prove	that	TW	is	linear.	30.	Suppose	that	T	is	the	projection	on	W	along	some
subspace	W	.	Prove	that	W	is	T-invariant	and	that	TW	=	IW	.	31.	Suppose	that	V	=	R(T)⊕W	and	W	is	T-invariant.	(Recall	the	definition	of	direct	sum	given	in	the	exercises	of	Section	1.3.)	78	Chap.	2	Linear	Transformations	and	Matrices	(a)(b)(c)Prove	that	W	⊆	N(T).	Show	that	if	V	is	finite-dimensional,	then	W	=	N(T).	Show	by	example	that	the	conclusion
of	(b)	is	not	necessarily	true	if	V	is	not	finite-dimensional.	32.Suppose	that	W	is	T-invariant.	Prove	that	N(TW	)	=	N(T)	∩	W	and	R(TW	)	=	T(W).	33.	Prove	Theorem	2.2	for	the	case	that	β	is	infinite,	that	is,	R(T)	=	span({T(v)	:	v	∈	β}).	34.Prove	the	following	generalization	of	Theorem	2.6:	Let	V	and	W	be	vector	spaces	over	a	common	field,	and	let	β	be	a
basis	for	V.	Then	for	any	function	f	:	β	→	W	there	exists	exactly	one	linear	transformation	T	:	V	→	W	such	that	T(x)	=	f	(x)	for	all	x	∈	β.	Exercises	35	and	36	assume	the	definition	of	direct	sum	given	in	the	exercises	of	Section	1.3.	35.Let	V	be	a	finite-dimensional	vector	space	and	T	:	V	→	V	be	linear.	(a)	Suppose	that	V	=	R(T)	+	N(T).	Prove	that	V	=	R(T)	⊕
N(T).	(b)	Suppose	that	R(T)	∩	N(T)	=	{0	}.	Prove	that	V	=	R(T)	⊕	N(T).	Be	careful	to	say	in	each	part	where	finite-dimensionality	is	used.	36.Let	V	and	T	be	as	defined	in	Exercise	21.	(a)(b)Prove	that	V	=	R(T)+N(T),	but	V	is	not	a	direct	sum	of	these	two	spaces.	Thus	the	result	of	Exercise	35(a)	above	cannot	be	proved	without	assuming	that	V	is	finite-
dimensional.	Find	a	linear	operator	T1	on	V	such	that	R(T1	)	∩	N(T1	)	=	{0	}	but	V	is	not	a	direct	sum	of	R(T1	)	and	N(T1	).	Conclude	that	V	being	finite-dimensional	is	also	essential	in	Exercise	35(b).	37.A	function	T	:	V	→	W	between	vector	spaces	V	and	W	is	called	additive	if	T(x	+	y)	=	T(x)	+	T(y)	for	all	x,	y	∈	V.	Prove	that	if	V	and	W	are	vector	spaces
over	the	field	of	rational	numbers,	then	any	additive	function	from	V	into	W	is	a	linear	transformation.	38.Let	T	:	C	→	C	be	the	function	defined	by	T(z)	=	z.	Prove	that	T	is	additive	(as	defined	in	Exercise	37)	but	not	linear.	39.Prove	that	there	is	an	additive	function	T	:	R	→	R	(as	defined	in	Ex-	ercise	37)	that	is	not	linear.	Hint:	Let	V	be	the	set	of	real
numbers	regarded	as	a	vector	space	over	the	field	of	rational	numbers.	By	the	corollary	to	Theorem	1.13	(p.	60),	V	has	a	basis	β.	Let	x	and	y	be	two	distinct	vectors	in	β,	and	define	f	:	β	→	V	by	f	(x)	=	y,	f	(y)	=	x,	and	f	(z)	=	z	otherwise.	By	Exercise	34,	there	exists	a	linear	transformation	Sec.	2.2	The	Matrix	Representation	of	a	Linear	Transformation	79	T
:	V	→	V	such	that	T(u)	=	f	(u)	for	all	u	∈	β.	Then	T	is	additive,	but	for	c	=	y/x,	T(cx)	=	cT(x).	The	following	exercise	requires	familiarity	with	the	definition	of	quotient	space	given	in	Exercise	31	of	Section	1.3.	40.Let	V	be	a	vector	space	and	W	be	a	subspace	of	V.	Define	the	mapping	η	:	V	→	V/W	by	η(v)	=	v	+	W	for	v	∈	V.	(a)	Prove	that	η	is	a	linear
transformation	from	V	onto	V/W	and	that	N(η)	=	W.	(b)	Suppose	that	V	is	finite-dimensional.	Use	(a)	and	the	dimen-	sion	theorem	to	derive	a	formula	relating	dim(V),	dim(W),	and	dim(V/W).	(c)	Read	the	proof	of	the	dimension	theorem.	Compare	the	method	of	solving	(b)	with	the	method	of	deriving	the	same	result	as	outlined	in	Exercise	35	of	Section
1.6.	1.2.3.4.Label	the	following	statements	as	true	or	false.	Assume	that	V	and	W	are	finite-dimensional	vector	spaces	with	ordered	bases	β	and	γ,	respectively,	and	T,	U	:	V	→	W	are	linear	transformations.	(a)	(b)	(c)	(d)	(e)	(f	)	For	any	scalar	a,	aT	+	U	is	a	linear	transformation	from	V	to	W.	[T]γβ	=	[U]γβ	implies	that	T	=	U.	If	m	=	dim(V)	and	n	=	dim(W),
then	[T]γβ	is	an	m	×	n	matrix.	[T	+	U]γβ	=	[T]γβ	+	[U]γβ	.	L(V,	W)	is	a	vector	space.	L(V,	W)	=	L(W,	V).	Let	β	and	γ	be	the	standard	ordered	bases	for	Rn	and	Rm	,	respectively.	For	each	linear	transformation	T	:	Rn	→	Rm	,	compute	[T]γβ	.	(a)	T	:	R2	→	R3	defined	by	T(a1	,	a2	)	=	(2a1	−	a2	,	3a1	+	4a2	,	a1	).	(b)	T	:	R3	→	R2	defined	by	T(a1	,	a2	,	a3	)	=	(2a1
+	3a2	−	a3	,	a1	+	a3	).	(c)	T	:	R3	→	R	defined	by	T(a1	,	a2	,	a3	)	=	2a1	+	a2	−	3a3	.	(d)	T	:	R3	→	R3	defined	by	T(a1	,	a2	,	a3	)	=	(2a2	+	a3	,	−a1	+	4a2	+	5a3	,	a1	+	a3	).	(e)	T	:	Rn	→	Rn	defined	by	T(a1	,	a2	,	.	.	.	,	an	)	=	(a1	,	a1	,	.	.	.	,	a1	).	(f	)	T	:	Rn	→	Rn	defined	by	T(a1	,	a2	,	.	.	.	,	an	)	=	(an	,	an−1,	.	.	.	,	a1	).	(g)	T	:	Rn	→	R	defined	by	T(a1	,	a2	,	.	.	.	,	an	)	=
a1	+	an	.	Let	T	:	R2	→	R3	be	defined	by	T(a1	,	a2)	=	(a1	−	a2	,	a1	,	2a1	+	a2	).	Let	β	be	the	standard	ordered	basis	for	R2	and	γ	=	{(1,	1,	0),	(0,	1,	1),	(2,	2,	3)}.	Compute	[T]γβ	.	If	α	=	{(1,	2),	(2,	3)},	compute	[T]γα	.	Define	T	:	M2×2	(R)	→	P2	(R)	by	T		a	c	b	d	=	(a	+	b)	+	(2d)x	+	bx2	.	Let						1	0	0	1	0	0	0	0	β	=	,	,	,	and	γ	=	{1,	x,	x2	}.	0	0	0	0	1	0	0	1
Compute	[T]γβ	.	5.	Let						1	0	0	1	0	0	0	0	α	=	,	,	,	,	0	0	0	0	1	0	0	1	β	=	{1,	x,	x2	},	and	γ	=	{1}.	Sec.	2.2	The	Matrix	Representation	of	a	Linear	Transformation	85	(a)	Define	T	:	M2×2	(F	)	→	M2×2	(F	)	by	T(A)	=	At	.	Compute	[T]α	.	(b)	Define		f		(0)	2f	(1)	T	:	P2	(R)	→	M2×2	(R)	by	T(f	(x))	=	0	f		(3)	,	(c)(d)(e)where		denotes	differentiation.	Compute	[T]α	.
βDefine	T	:	M2×2	(F	)	→	F	by	T(A)	=	tr(A).	Compute	[T]γα	.	Define	T	:	P2	(R)	→	R	by	T(f	(x))	=	f	(2).	Compute	[T]γβ	.	If		1	−2	A	=	,	0	4	(f	)(g)compute	[A]α	.	If	f	(x)	=	3	−	6x	+	x2	,	compute	[f	(x)]β	.	For	a	∈	F	,	compute	[a]γ	.	6.	Complete	the	proof	of	part	(b)	of	Theorem	2.7.	7.	Prove	part	(b)	of	Theorem	2.8.	8.	†	Let	V	be	an	n-dimensional	vector	space	with	an
ordered	basis	β.	Define	T	:	V	→	Fn	by	T(x)	=	[x]β	.	Prove	that	T	is	linear.	9.Let	V	be	the	vector	space	of	complex	numbers	over	the	field	R.	Define	T	:	V	→	V	by	T(z)	=	z,	where	z	is	the	complex	conjugate	of	z.	Prove	that	T	is	linear,	and	compute	[T]β	,	where	β	=	{1,	i}.	(Recall	by	Exer-	cise	38	of	Section	2.1	that	T	is	not	linear	if	V	is	regarded	as	a	vector	space
over	the	field	C.)	10.Let	V	be	a	vector	space	with	the	ordered	basis	β	=	{v1	,	v2	,	.	.	.	,	vn	}.	Define	v0	=	0	.	By	Theorem	2.6	(p.	72),	there	exists	a	linear	trans-	formation	T	:	V	→	V	such	that	T(vj	)	=	vj	+	vj−1	for	j	=	1,	2,	.	.	.	,	n.	Compute	[T]β	.	11.Let	V	be	an	n-dimensional	vector	space,	and	let	T	:	V	→	V	be	a	linear	transformation.	Suppose	that	W	is	a	T-
invariant	subspace	of	V	(see	the	exercises	of	Section	2.1)	having	dimension	k.	Show	that	there	is	a	basis	β	for	V	such	that	[T]β	has	the	form		A	B	,	O	C	where	A	is	a	k	×	k	matrix	and	O	is	the	(n	−	k)	×	k	zero	matrix.	86	Chap.	2	Linear	Transformations	and	Matrices	12.Let	V	be	a	finite-dimensional	vector	space	and	T	be	the	projection	on	W	along	W	,	where
W	and	W	are	subspaces	of	V.	(See	the	definition	in	the	exercises	of	Section	2.1	on	page	76.)	Find	an	ordered	basis	β	for	V	such	that	[T]β	is	a	diagonal	matrix.	13.14.Let	V	and	W	be	vector	spaces,	and	let	T	and	U	be	nonzero	linear	transformations	from	V	into	W.	If	R(T)	∩	R(U)	=	{0	},	prove	that	{T,	U}	is	a	linearly	independent	subset	of	L(V,	W).	Let	V	=
P(R),	and	for	j	≥	1	define	Tj	(f	(x))	=	f	(j)	(x),	where	f	(j)	(x)	is	the	jth	derivative	of	f	(x).	Prove	that	the	set	{T1	,	T2	,	.	.	.	,	Tn	}	is	a	linearly	independent	subset	of	L(V)	for	any	positive	integer	n.	15.	Let	V	and	W	be	vector	spaces,	and	let	S	be	a	subset	of	V.	Define	S	0	=	{T	∈	L(V,	W)	:	T(x)	=	0	for	all	x	∈	S}.	Prove	the	following	statements.	(a)	S	0	is	a
subspace	of	L(V,	W).	(b)	If	S1	and	S2	are	subsets	of	V	and	S1	⊆	S2	,	then	S2	0	⊆	S1	0	.	(c)	If	V1	and	V2	are	subspaces	of	V,	then	(V1	+	V2	)0	=	V1	0	∩	V2	0	.	16.Let	V	and	W	be	vector	spaces	such	that	dim(V)	=	dim(W),	and	let	T	:	V	→	W	be	linear.	Show	that	there	exist	ordered	bases	β	and	γ	for	V	and	W,	respectively,	such	that	[T]γβ	is	a	diagonal	matrix.
1.Label	the	following	statements	as	true	or	false.	In	each	part,	V,	W,	and	Z	denote	vector	spaces	with	ordered	(finite)	bases	α,	β,	and	γ,	respectively;	T	:	V	→	W	and	U	:	W	→	Z	denote	linear	transformations;	and	A	and	B	denote	matrices.	(a)	[UT]γα	=	[T]βα	[U]γβ	.	(b)	[T(v)]β	=	[T]βα[v]α	for	all	v	∈	V.	(c)	[U(w)]β	=	[U]βα	[w]β	for	all	w	∈	W.	(d)	(e)	(f	)	(g)	(h)
(i)	(j)	[IV	]α	=	I.	[T2	]βα	=	([T]βα	)2	.	A2	=	I	implies	that	A	=	I	or	A	=	−I.	T	=	LA	for	some	matrix	A.	A2	=	O	implies	that	A	=	O,	where	O	denotes	the	zero	matrix.	LA+B	=	LA	+	LB	.	If	A	is	square	and	Aij	=	δij	for	all	i	and	j,	then	A	=	I.	2.	(a)	Let			1	3	1	0	−3	A	=	,	B	=	,	2	−1	4	1	2	⎛	⎞		2	C	=	1	1	4	,	and	D	=	⎝−2⎠	.	−1	−2	0	3	Compute	A(2B	+	3C),	(AB)D,	and
A(BD).	(b)	Let	⎛	⎞	⎛	⎞	2	5	3	−2	0			A	=	⎝−3	1⎠	,	B	=	⎝1	−1	4⎠	,	and	C	=	4	0	3	.	4	2	5	5	3	Compute	At	,	At	B,	BC	t	,	CB,	and	CA.	3.	Let	g(x)	=	3	+	x.	Let	T	:	P2	(R)	→	P2	(R)	and	U	:	P2	(R)	→	R3	be	the	linear	transformations	respectively	defined	by	T(f	(x))	=	f		(x)g(x)	+	2f	(x)	and	U	(a	+	bx	+	cx2	)	=	(a	+	b,	c,	a	−	b).	Let	β	and	γ	be	the	standard	ordered	bases	of
P2	(R)	and	R3	,	respectively.	Sec.	2.3	Composition	of	Linear	Transformations	and	Matrix	Multiplication	97	(a)(b)Compute	[U]γβ	,	[T]β	,	and	[UT]γβ	directly.	Then	use	Theorem	2.11	to	verify	your	result.	Let	h(x)	=	3	−	2x	+	x2	.	Compute	[h(x)]β	and	[U(h(x))]γ	.	Then	use	[U]γβ	from	(a)	and	Theorem	2.14	to	verify	your	result.	4.5.For	each	of	the	following
parts,	let	T	be	the	linear	transformation	defined	in	the	corresponding	part	of	Exercise	5	of	Section	2.2.	Use	Theorem	2.14	to	compute	the	following	vectors:		1	4	(a)	[T(A)]α	,	where	A	=	.	−1	6	(b)	[T(f	(x))]α	,	where	f	(x)		=	4	−	6x	+	3x2	.	1	3	(c)	[T(A)]γ	,	where	A	=	.	2	4	(d)	[T(f	(x))]γ	,	where	f	(x)	=	6	−	x	+	2x2	.	Complete	the	proof	of	Theorem	2.12	and	its
corollary.	6.	Prove	(b)	of	Theorem	2.13.	7.	Prove	(c)	and	(f)	of	Theorem	2.15.	8.9.10.11.12.13.Prove	Theorem	2.10.	Now	state	and	prove	a	more	general	result	involv-	ing	linear	transformations	with	domains	unequal	to	their	codomains.	Find	linear	transformations	U,	T	:	F2	→	F2	such	that	UT	=	T0	(the	zero	transformation)	but	TU	=	T0	.	Use	your	answer
to	find	matrices	A	and	B	such	that	AB	=	O	but	BA	=	O.	Let	A	be	an	n	×	n	matrix.	Prove	that	A	is	a	diagonal	matrix	if	and	only	if	Aij	=	δij	Aij	for	all	i	and	j.	Let	V	be	a	vector	space,	and	let	T	:	V	→	V	be	linear.	Prove	that	T2	=	T0	if	and	only	if	R(T)	⊆	N(T).	Let	V,	W,	and	Z	be	vector	spaces,	and	let	T	:	V	→	W	and	U	:	W	→	Z	be	linear.	(a)	Prove	that	if	UT	is	one-
to-one,	then	T	is	one-to-one.	Must	U	also	be	one-to-one?	(b)	Prove	that	if	UT	is	onto,	then	U	is	onto.	Must	T	also	be	onto?	(c)	Prove	that	if	U	and	T	are	one-to-one	and	onto,	then	UT	is	also.	Let	A	and	B	be	n	×	n	matrices.	Recall	that	the	trace	of	A	is	defined	by		n	tr(A)	=	Aii	.	i=1	Prove	that	tr(AB)	=	tr(BA)	and	tr(A)	=	tr(At	).	98	Chap.	2	Linear
Transformations	and	Matrices	14.Assume	the	notation	in	Theorem	2.13.	(a)	Suppose	that	z	is	a	(column)	vector	in	Fp	.	Use	Theorem	2.13(b)	to	prove	that	Bz	is	a	linear	combination	of	the	columns	of	B.	In	particular,	if	z	=	(a1	,	a2	,	.	.	.	,	ap	)t	,	then	show	that		p	Bz	=	aj	vj	.	j=1	(b)	Extend	(a)	to	prove	that	column	j	of	AB	is	a	linear	combination	of	the
columns	of	A	with	the	coefficients	in	the	linear	combination	being	the	entries	of	column	j	of	B.	(c)	For	any	row	vector	w	∈	Fm	,	prove	that	wA	is	a	linear	combination	of	the	rows	of	A	with	the	coefficients	in	the	linear	combination	being	the	coordinates	of	w.	Hint:	Use	properties	of	the	transpose	operation	applied	to	(a).	(d)	Prove	the	analogous	result	to	(b)
about	rows:	Row	i	of	AB	is	a	linear	combination	of	the	rows	of	B	with	the	coefficients	in	the	linear	combination	being	the	entries	of	row	i	of	A.	†15.	Let	M	and	A	be	matrices	for	which	the	product	matrix	M	A	is	defined.	If	the	jth	column	of	A	is	a	linear	combination	of	a	set	of	columns	of	A,	prove	that	the	jth	column	of	M	A	is	a	linear	combination	of	the
corresponding	columns	of	M	A	with	the	same	corresponding	coefficients.	16.Let	V	be	a	finite-dimensional	vector	space,	and	let	T	:	V	→	V	be	linear.	(a)	If	rank(T)	=	rank(T2	),	prove	that	R(T)	∩	N(T)	=	{0	}.	Deduce	that	V	=	R(T)	⊕	N(T)	(see	the	exercises	of	Section	1.3).	(b)	Prove	that	V	=	R(Tk	)	⊕	N(Tk	)	for	some	positive	integer	k.	17.Let	V	be	a	vector
space.	Determine	all	linear	transformations	T	:	V	→	V	such	that	T	=	T2	.	Hint:	Note	that	x	=	T(x)	+	(x	−	T(x))	for	every	x	in	V,	and	show	that	V	=	{y	:	T(y)	=	y}	⊕	N(T)	(see	the	exercises	of	Section	1.3).	18.Using	only	the	definition	of	matrix	multiplication,	prove	that	multipli-	cation	of	matrices	is	associative.	19.For	an	incidence	matrix	A	with	related	matrix
B	defined	by	Bij	=	1	if	i	is	related	to	j	and	j	is	related	to	i,	and	Bij	=	0	otherwise,	prove	that	i	belongs	to	a	clique	if	and	only	if	(B	3	)ii	>	0.	20.Use	Exercise	19	to	determine	the	cliques	in	the	relations	corresponding	to	the	following	incidence	matrices.	Sec.	2.4	Invertibility	and	Isomorphisms	⎛	⎞	⎛	⎞	0	1	0	1	0	0	1	1	⎜1	0	0	0⎟	⎜1	0	0	1⎟	(a)	⎜	⎟	(b)	⎜	⎟	⎝0	1	0	1⎠	⎝1
0	0	1⎠	1	0	1	0	1	0	1	0	99	21.Let	A	be	an	incidence	matrix	that	is	associated	with	a	dominance	rela-	tion.	Prove	that	the	matrix	A	+	A2	has	a	row	[column]	in	which	each	entry	is	positive	except	for	the	diagonal	entry.	22.	Prove	that	the	matrix	⎛	⎞	0	1	0	A	=	⎝0	0	1⎠	1	0	0	corresponds	to	a	dominance	relation.	Use	Exercise	21	to	determine	which	persons
dominate	[are	dominated	by]	each	of	the	others	within	two	stages.	23.Let	A	be	an	n	×	n	incidence	matrix	that	corresponds	to	a	dominance	relation.	Determine	the	number	of	nonzero	entries	of	A.	1.Label	the	following	statements	as	true	or	false.	In	each	part,	V	and	W	are	vector	spaces	with	ordered	(finite)	bases	α	and	β,	respectively,	T	:	V	→	W	is	linear,
and	A	and	B	are	matrices.		−1	(a)	[T]βα	=	[T−1	]βα	.	(b)	T	is	invertible	if	and	only	if	T	is	one-to-one	and	onto.	(c)	T	=	LA	,	where	A	=	[T]βα	.	(d)	M2×3	(F	)	is	isomorphic	to	F5	.	(e)	Pn	(F	)	is	isomorphic	to	Pm	(F	)	if	and	only	if	n	=	m.	(f	)	AB	=	I	implies	that	A	and	B	are	invertible.	(g)	If	A	is	invertible,	then	(A−1	)−1	=	A.	(h)	A	is	invertible	if	and	only	if	LA	is
invertible.	(i)	A	must	be	square	in	order	to	possess	an	inverse.	2.For	each	of	the	following	linear	transformations	T,	determine	whether	T	is	invertible	and	justify	your	answer.	(a)	T	:	R2	→	R3	defined	by	T(a1	,	a2	)	=	(a1	−	2a2	,	a2	,	3a1	+	4a2	).	(b)	T	:	R2	→	R3	defined	by	T(a1	,	a2	)	=	(3a1	−	a2	,	a2	,	4a1	).	(c)	T	:	R3	→	R3	defined	by	T(a1	,	a2	,	a3	)	=	(3a1	−
2a3,	a2	,	3a1	+	4a2	).	(d)	T	:	P3	(R)	→	P2	(R)	defined	by	T(p(x))	=	p	(x).		a	b	(e)	T	:	M2×2	(R)	→	P2	(R)	defined	by	T	=	a	+	2bx	+	(c	+	d)x2	.	c	d			a	b	a	+	b	a	(f	)	T	:	M2×2	(R)	→	M2×2	(R)	defined	by	T	=	.	c	d	c	c	+	d	Sec.	2.4	Invertibility	and	Isomorphisms	107	3.Which	of	the	following	pairs	of	vector	spaces	are	isomorphic?your	answers.	(a)	(b)	(c)	(d)	F3	and
P3	(F	).	F4	and	P3	(F	).	M2×2	(R)	and	P3	(R).	V	=	{A	∈	M2×2	(R)	:	tr(A)	=	0}	and	R4	.	Justify	4.	†	Let	A	and	B	be	n	×	n	invertible	matrices.	Prove	that	AB	is	invertible	and	(AB)−1	=	B	−1	A−1	.	5.	†	Let	A	be	invertible.	Prove	that	At	is	invertible	and	(At	)−1	=	(A−1	)t	.	6.	Prove	that	if	A	is	invertible	and	AB	=	O,	then	B	=	O.	7.Let	A	be	an	n	×	n	matrix.	(a)
(b)Suppose	that	A2	=	O.	Prove	that	A	is	not	invertible.	Suppose	that	AB	=	O	for	some	nonzero	n	×	n	matrix	B.	Could	A	be	invertible?	Explain.	8.	Prove	Corollaries	1	and	2	of	Theorem	2.18.	9.Let	A	and	B	be	n	×	n	matrices	such	that	AB	is	invertible.	Prove	that	A	and	B	are	invertible.	Give	an	example	to	show	that	arbitrary	matrices	A	and	B	need	not	be
invertible	if	AB	is	invertible.	10.	†	Let	A	and	B	be	n	×	n	matrices	such	that	AB	=	In	.	(a)	Use	Exercise	9	to	conclude	that	A	and	B	are	invertible.	(b)	Prove	A	=	B	−1	(and	hence	B	=	A−1	).	(We	are,	in	effect,	saying	that	for	square	matrices,	a	“one-sided”	inverse	is	a	“two-sided”	inverse.)	(c)	State	and	prove	analogous	results	for	linear	transformations	de-
fined	on	finite-dimensional	vector	spaces.	11.12.13.14.Verify	that	the	transformation	in	Example	5	is	one-to-one.	Prove	Theorem	2.21.	Let	∼	mean	“is	isomorphic	to.”	Prove	that	∼	is	an	equivalence	relation	on	the	class	of	vector	spaces	over	F	.	Let			a	a	+	b	V	=	:	a,	b,	c	∈	F	.	0	c	Construct	an	isomorphism	from	V	to	F3	.	108	Chap.	2	Linear	Transformations
and	Matrices	15.Let	V	and	W	be	finite-dimensional	vector	spaces,	and	let	T	:	V	→	W	be	a	linear	transformation.	Suppose	that	β	is	a	basis	for	V.	Prove	that	T	is	an	isomorphism	if	and	only	if	T(β)	is	a	basis	for	W.	16.Let	B	be	an	n	×	n	invertible	matrix.	Define	Φ	:	Mn×n	(F	)	→	Mn×n	(F	)	by	Φ(A)	=	B	−1	AB.	Prove	that	Φ	is	an	isomorphism.	17.	†	Let	V	and	W
be	finite-dimensional	vector	spaces	and	T	:	V	→	W	be	an	isomorphism.	Let	V0	be	a	subspace	of	V.	(a)(b)Prove	that	T(V0	)	is	a	subspace	of	W.	Prove	that	dim(V0	)	=	dim(T(V0	)).	18.	Repeat	Example	7	with	the	polynomial	p(x)	=	1	+	x	+	2x2	+	x3	.	19.In	Example	5	of	Section	2.1,	the	mapping	T	:	M2×2	(R)	→	M2×2	(R)	de-	fined	by	T(M	)	=	M	t	for	each	M	∈
M2×2	(R)	is	a	linear	transformation.	Let	β	=	{E	11	,	E	12	,	E	21	,	E	22	},	which	is	a	basis	for	M2×2	(R),	as	noted	in	Example	3	of	Section	1.6.	(a)(b)Compute	[T]β	.	Verify	that	LA	φβ	(M	)	=	φβ	T(M	)	for	A	=	[T]β	and		1	2	M	=	.	3	4	20.	†	Let	T	:	V	→	W	be	a	linear	transformation	from	an	n-dimensional	vector	space	V	to	an	m-dimensional	vector	space	W.	Let	β
and	γ	be	ordered	bases	for	V	and	W,	respectively.	Prove	that	rank(T)	=	rank(LA	)	and	that	nullity(T)	=	nullity(LA	),	where	A	=	[T]γβ	.	Hint:	Apply	Exercise	17	to	Figure	2.2.	21.Let	V	and	W	be	finite-dimensional	vector	spaces	with	ordered	bases	β	=	{v1	,	v2	,	.	.	.	,	vn	}	and	γ	=	{w1	,	w2	,	.	.	.	,	wm	},	respectively.	By	The-	orem	2.6	(p.	72),	there	exist	linear
transformations	Tij	:	V	→	W	such	that		wi	if	k	=	j	Tij	(vk	)	=	0	if	k	=	j.	First	prove	that	{Tij	:	1	≤	i	≤	m,	1	≤	j	≤	n}	is	a	basis	for	L(V,	W).	Then	let	M	ij	be	the	m	×	n	matrix	with	1	in	the	ith	row	and	jth	column	and	0	elsewhere,	and	prove	that	[Tij	]γβ	=	M	ij	.	Again	by	Theorem	2.6,	there	exists	a	linear	transformation	Φ	:	L(V,	W)	→	Mm×n	(F	)	such	that	Φ(Tij	)
=	M	ij	.	Prove	that	Φ	is	an	isomorphism.	Sec.	2.4	Invertibility	and	Isomorphisms	109	22.Let	c0	,	c1	,	.	.	.	,	cn	be	distinct	scalars	from	an	infinite	field	F	.	Define	T	:	Pn	(F	)	→	Fn+1	by	T(f	)	=	(f	(c0	),	f	(c1	),	.	.	.	,	f	(cn	)).	Prove	that	T	is	an	isomorphism.	Hint:	Use	the	Lagrange	polynomials	associated	with	c0	,	c1	,	.	.	.	,	cn.	23.Let	V	denote	the	vector	space
defined	in	Example	5	of	Section	1.2,	and	let	W	=	P(F	).	Define		n	T	:	V	→	W	by	T(σ)	=	σ(i)xi	,	i=0	where	n	is	the	largest	integer	such	that	σ(n)	=	0.	Prove	that	T	is	an	isomorphism.	The	following	exercise	requires	familiarity	with	the	concept	of	quotient	space	defined	in	Exercise	31	of	Section	1.3	and	with	Exercise	40	of	Section	2.1.	24.	Let	T	:	V	→	Z	be	a
linear	transformation	of	a	vector	space	V	onto	a	vector	space	Z.	Define	the	mapping	T	:	V/N(T)	→	Z	by	T(v	+	N(T))	=	T(v)	for	any	coset	v	+	N(T)	in	V/N(T).	(a)	Prove	that	T	is	well-defined;	that	is,	prove	that	if	v	+	N(T)	=	v		+	N(T),	then	T(v)	=	T(v		).	(b)	Prove	that	T	is	linear.	(c)	Prove	that	T	is	an	isomorphism.	(d)	Prove	that	the	diagram	shown	in	Figure	2.3
commutes;	that	is,	prove	that	T	=	Tη.	V	T	-	Z		η	T	U	V/N(T)	Figure	2.3	25.Let	V	be	a	nonzero	vector	space	over	a	field	F	,	and	suppose	that	S	is	a	basis	for	V.	(By	the	corollary	to	Theorem	1.13	(p.	60)	in	Section	1.7,	every	vector	space	has	a	basis).	Let	C(S,	F	)	denote	the	vector	space	of	all	functions	f	∈	F(S,	F	)	such	that	f	(s)	=	0	for	all	but	a	finite	number
110	Chap.	2	Linear	Transformations	and	Matrices	of	vectors	in	S.	(See	Exercise	14	of	Section	1.3.)	Let	Ψ	:	C(S,	F	)	→	V	be	the	function	defined	by		Ψ(f	)	=	f	(s)s.	s∈S,f	(s)=0	Prove	that	Ψ	is	an	isomorphism.	Thus	every	nonzero	vector	space	can	be	viewed	as	a	space	of	functions.	1.Label(a)(b)(c)(d)(e)the	following	statements	as	true	or	false.	Suppose	that	β
=	{x1	,	x2	,	.	.	.	,	xn	}	and	β		=	{x	1	,	x	2	,	.	.	.	,	x	n	}	are	ordered	bases	for	a	vector	space	and	Q	is	the	change	of	coordinate	matrix	that	changes	β	-coordinates	into	β-coordinates.	Then	the	jth	column	of	Q	is	[xj	]β		.	Every	change	of	coordinate	matrix	is	invertible.	Let	T	be	a	linear	operator	on	a	finite-dimensional	vector	space	V,	let	β	and	β		be	ordered
bases	V,for	and	let	Q	be	the	change	of	coordinate	matrix	that	changes	β	-coordinates	into	β-coordinates.	Then	[T]β	=	Q[T]β	Q−1	.	The	matrices	A,	B	∈	Mn×n	(F	)	are	called	similar	if	B	=	Qt	AQ	for	some	Q	∈	Mn×n	(F	).	Let	T	be	a	linear	operator	on	a	finite-dimensional	vector	space	V.	Then	for	any	ordered	bases	β	and	γ	for	V,	[T]β	is	similar	to	[T]γ	.	2.For
each	of	the	following	pairs	of	ordered	bases	β	and	β		for	R2	,	find	the	change	of	coordinate	matrix	that	changes	β	-coordinates	into	β-	coordinates.	(a)	β	=	{e1	,	e2	}	and	β		=	{(a1	,	a2	),	(b1	,	b2	)}	(b)	β	=	{(−1,	3),	(2,	−1)}	and	β		=	{(0,	10),	(5,	0)}	(c)	β	=	{(2,	5),	(−1,	−3)}	and	β		=	{e1	,	e2	}	(d)	β	=	{(−4,	3),	(2,	−1)}	and	β		=	{(2,	1),	(−4,	1)}	3.For	each	of
the	following	pairs	of	ordered	bases	β	and	β		for	P2	(R),	find	the	change	of	coordinate	matrix	that	changes	β		-coordinates	into	β-coordinates.	(a)	β	=	{x2	,	x,	1}	and	β		=	{a2	x2	+	a1	x	+	a0	,	b2	x2	+	b1	x	+	b0	,	c2	x2	+	c1	x	+	c0	}	(b)	β	=	{1,	x,	x2}	and	β		=	{a2	x2	+	a1	x	+	a0	,	b2	x2	+	b1	x	+	b0	,	c2	x2	+	c1	x	+	c0	}	(c)	β	=	{2x2	−	x,	3x2	+	1,	x2	}	and	β	
=	{1,	x,	x2	}	(d)	β	=	{x2	−	x	+	1,	x	+	1,	x2	+	1}	and	β		=	{x2	+	x	+	4,	4x2	−	3x	+	2,	2x2	+	3}	(e)	β	=	{x2	−	x,	x2	+	1,	x	−	1}	and	β		=	{5x2	−	2x	−	3,	−2x2	+	5x	+	5,	2x2	−	x	−	3}	(f	)	β	=	{2x2	−	x	+	1,	x2	+	3x	−	2,	−x2	+	2x	+	1}	and	β		=	{9x	−	9,	x2	+	21x	−	2,	3x2	+	5x	+	2}	4.	Let	T	be	the	linear	operator	on	R2	defined	by			a	2a	+	b	T	=	,	b	a	−	3b	Sec.
2.5	The	Change	of	Coordinate	Matrix	let	β	be	the	standard	ordered	basis	for	R2	,	and	let					1	1	β	=	,	.	1	2	117	Use	Theorem	2.23	and	the	fact	that		−1		1	1	2	−1	=	1	2	−1	1	to	find	[T]β		.	5.	Let	T	be	the	linear	operator	on	P1	(R)	defined	by	T(p(x))	=	p	(x),	the	derivative	of	p(x).	Let	β	=	{1,	x}	and	β		=	{1	+	x,	1	−	x}.	Use	Theorem	2.23	and	the	fact	that	⎛	⎞	
−1	1	1	1	1	=	⎝	2	1	2	⎠	1	−1	2	−	12	to	find	[T]β		.	6.	For	each	matrix	A	and	ordered	basis	β,	find	[LA	]β	.	Also,	find	an	invert-	ible	matrix	Q	such	that	[L	A	]β	=	Q−1	AQ.					1	3	1	1	(a)	A	=	and	β	=	,	1	1	1	2					1	2	1	1	(b)	A	=	and	β	=	,	2	1	1	−1	⎛	⎞	⎧⎛	⎞	⎛	⎞	⎛	⎞⎫	1	1	−1	⎨	1	1	1	⎬	(c)	A	=	⎝2	0	1⎠	and	β	=	⎝1⎠	,	⎝0⎠	,	⎝1⎠	⎩	⎭	1	1	0	1	1	2	⎛	⎞	⎧⎛	⎞	⎛	⎞	⎛	⎞⎫	13	1	4	⎨	1	1	1	⎬
(d)	A	=	⎝	1	13	4⎠	and	β	=	⎝	1⎠	,	⎝	−1⎠	,	⎝1⎠	⎩	⎭	4	4	10	−2	0	1	7.	In	R2	,	let	L	be	the	line	y	=	mx,	where	m	=	0.	Find	an	expression	for	T(x,	y),	where	(a)	T	is	the	reflection	of	R2	about	L.	(b)	T	is	the	projection	on	L	along	the	line	perpendicular	to	L.	(See	the	definition	of	projection	in	the	exercises	of	Section	2.1.)	8.	Prove	the	following	generalization	of
Theorem	2.23.	Let	T	:	V	→	W	be	a	linear	transformation	from	a	finite-dimensional	vector	space	V	to	a	finite-dimensional	vector	space	W.	Let	β	and	β		be	ordered	bases	for	118	Chap.	2	Linear	Transformations	and	Matrices		V,	and	let	γ	and	γ		be	ordered	bases	for	W.	Then	[T]γ	β		=	P	−1	[T]γβ	Q,	where	Q	is	the	matrix	that	changes	β		-coordinates	into	β-
coordinates	and	P	is	the	matrix	that	changes	γ		-coordinates	into	γ-coordinates.	9.10.Prove	that	“is	similar	to”	is	an	equivalence	relation	on	Mn×n	(F	).	Prove	that	if	A	and	B	are	similar	n	×	n	matrices,	then	tr(A)	=	tr(B).	Hint:	Use	Exercise	13	of	Section	2.3.	11.	Let	V	be	a	finite-dimensional	vector	space	with	ordered	bases	α,	β,	and	γ.	(a)	Prove	that	if	Q
and	R	are	the	change	of	coordinate	matrices	that	change	α-coordinates	into	β-coordinates	and	β-coordinates	into	γ-coordinates,	respectively,	then	RQ	is	the	change	of	coordinate	matrix	that	changes	α-coordinates	into	γ-coordinates.	(b)	Prove	that	if	Q	changes	α-coordinates	into	β-coordinates,	then	Q−1	changes	β-coordinates	into	α-coordinates.	12.	Prove
the	corollary	to	Theorem	2.23.	13.	†	Let	V	be	a	finite-dimensional	vector	space	over	a	field	F	,	and	let	β	=	{x1	,	x2	,	.	.	.	,	xn	}	be	an	ordered	basis	for	V.	Let	Q	be	an	n	×	n	invertible	matrix	with	entries	from	F	.	Define		n	x	j	=	Qij	xi	for	1	≤	j	≤	n,	i=1	and	set	β		=	{x	1	,	x	2	,	.	.	.	,	x	n	}.	Prove	that	β		is	a	basis	for	V	and	hence	that	Q	is	the	change	of	coordinate
matrix	changing	β	-coordinates	into	β-coordinates.	14.Prove	the	converse	of	Exercise	8:	If	A	and	B	are	each	m	×	n	matrices	with	entries	from	a	field	F	,	and	if	there	exist	invertible	m	×	m	and	n	×	n	−1matrices	P	and	Q,	respectively,	such	that	B	=	P	AQ,	then	there	exist	an	n-dimensional	vector	space	V	and	an	m-dimensional	vector	space	W	(both	over	F	),
ordered	bases	β	and	β		for	V	and	γ	and	γ		for	W,	and	a	linear	transformation	T	:	V	→	W	such	that		A	=	[T]γβ	and	B	=	[T]γ	β		.	Hints:	Let	V	=	Fn	,	W	=	Fm	,	T	=	LA	,	and	β	and	γ	be	the	standard	ordered	bases	for	Fn	and	Fm	,	respectively.	Now	apply	the	results	of		Exercise	13	to	obtain	ordered	bases	β	and	γ	from	β	and	γ	via	Q	and	P	,	respectively.	1.Label
the	following	statements	as	true	or	false.	Assume	that	all	vector	spaces	are	finite-dimensional.	(a)(b)(c)(d)(e)(f	)(g)Every	linear	transformation	is	a	linear	functional.	A	linear	functional	defined	on	a	field	may	be	represented	as	a	1	×	1	matrix.	Every	vector	space	is	isomorphic	to	its	dual	space.	Every	vector	space	is	the	dual	of	some	other	vector	space.	If	T
is	an	isomorphism	from	V	onto	V∗	and	β	is	a	finite	ordered	basis	for	V,	then	T(β)	=	β	∗	.	If	T	is	a	linear	transformation	from	V	to	W,	then	the	domain	of	(Tt	)t	is	V∗∗	.	If	V	is	isomorphic	to	W,	then	V∗	is	isomorphic	to	W	∗	.	124	Chap.	2	Linear	Transformations	and	Matrices	(h)	The	derivative	of	a	function	may	be	considered	as	a	linear	func-	tional	on	the
vector	space	of	differentiable	functions.	2.For	the	following	functions	f	on	a	vector	space	V,	determine	which	are	linear	functionals.	(a)	V	=	P(R);	f(p(x))	=	2p	(0)	+	p	(1),	where		denotes	differentiation	(b)	V	=	R2	;	f(x,	y)	=	(2x,	4y)	(c)	V	=	M2×2	(F	);	f(A)	=	tr(A)	(d)	V	=	R3	;	f(x,	y,	z)	=	x2	+	y2	+	z	2		1	(e)	V	=	P(R);	f(p(x))	=	p(t)	dt	0(f	)	V	=	M2×2	(F	);	f(A)	=
A11	3.4.For	each	of	the	following	vector	spaces	V	and	bases	β,	find	explicit	formulas	for	vectors	of	the	dual	basis	β	∗	for	V	∗	,	as	in	Example	4.	(a)	V	=	R3	;	β	=	{(1,	0,	1),	(1,	2,	1),	(0,	0,	1)}	(b)	V	=	P2	(R);	β	=	{1,	x,	x2	}	Let	V	=	R3	,	and	define	f1	,	f2	,	f3	∈	V∗	as	follows:	5.f1	(x,	y,	z)	=	x	−	2y,	f2	(x,	y,	z)	=	x	+	y	+	z,	f3	(x,	y,	z)	=	y	−	3z.	Prove	that	{f1	,	f2	,
f3	}	is	a	basis	for	V∗	,	and	then	find	a	basis	for	V	for	which	it	is	the	dual	basis.	Let	V	=	P1	(R),	and,	for	p(x)	∈	V,	define	f1	,	f2	∈	V∗	by		1		2	f1	(p(x))	=	p(t)	dt	and	f2	(p(x))	=	p(t)	dt.	0	0	Prove	that	{f1	,	f2	}	is	a	basis	for	V	∗	,	and	find	a	basis	for	V	for	which	it	is	the	dual	basis.	6.Define	f	∈	(R2	)∗	by	f(x,	y)	=	2x	+	y	and	T	:	R2	→	R2	by	T(x,	y)	=	(3x	+	2y,	x).	(a)
(b)(c)Compute	Tt	(f).	Compute	[Tt	]β	∗	,	where	β	is	the	standard	ordered	basis	for	R2	and	β	∗	=	{f1	,	f2	}	is	the	dual	basis,	by	finding	scalars	a,	b,	c,	and	d	such	that	Tt	(f1	)	=	af1	+	cf2	and	Tt	(f2	)	=	bf1	+	df2	.	Compute	[T]β	and	([T]β	)t	,	and	compare	your	results	with	(b).	7.Let	V	=	P1	(R)	and	W	=	R2	with	respective	standard	ordered	bases	β	and	γ.
Define	T	:	V	→	W	by	T(p(x))	=	(p(0)	−	2p(1),	p(0)	+	p	(0)),	where	p	(x)	is	the	derivative	of	p(x).	Sec.	2.6	Dual	Spaces	125	(a)(b)(c)For	f	∈	W∗	defined	by	f(a,	b)	=	a	−	2b,	compute	Tt	(f).	∗	Compute	[Tt	]β	γ∗	without	appealing	to	Theorem	2.25.	Compute	[T]γβ	and	its	transpose,	and	compare	your	results	with	(b).	8.9.Show	that	every	plane	through	the	origin
in	R3	may	be	identified	with	the	null	space	of	a	vector	in	(R3	)∗	.	State	an	analogous	result	for	R2	.	Prove	that	a	function	T	:	Fn	→	Fm	is	linear	if	and	only	if	there	exist	f1	,	f2	,	.	.	.	,	fm	∈	(Fn	)∗	such	that	T(x)	=	(f1(x),	f2	(x),	.	.	.	,	fm	(x))	for	all	x	∈	Fn	.	Hint:	If	T	is	linear,	define	fi	(x)	=	(gi	T)(x)	for	x	∈	Fn	;	that	is,	fi	=	Tt	(gi	)	for	1	≤	i	≤	m,	where	{g1	,	g2	,	.	.	.
,	gm	}	is	the	dual	basis	of	the	standard	ordered	basis	for	Fm	.	10.Let(a)(b)(c)V=	Pn(F	),	and	let	c0	,	c1	,	.	.	.	,	cn	be	distinct	scalars	in	F	.	For	0	≤	i	≤	n,	define	fi	∈	V∗	by	fi(p(x))	=	p(ci	).	Prove	that	{f0	,	f1	,	.	.	.	,	fn	}	is	a	basis	for	V∗	.	Hint:	Apply	any	linear	combi-	nation	of	this	set	that	equals	the	zero	transformation	to	p(x)	=	(x	−	c1	)(x	−	c2	)	·	·	·	(x	−	cn	),
and	deduce	that	the	first	coefficient	is	zero.	Use	the	corollary	to	Theorem	2.26	and	(a)	to	show	that	there	exist	unique	polynomials	p0	(x),	p1	(x),	.	.	.	,	pn	(x)	such	that	pi	(cj	)	=	δij	for	0	≤	i	≤	n.	These	polynomials	are	the	Lagrange	polynomials	defined	in	Section	1.6.	For	any	scalars	a0	,	a1	,	.	.	.	,	an	(not	necessarily	distinct),	deduce	that	there	exists	a
unique	polynomial	q(x)	of	degree	at	most	n	such	that	q(ci	)	=	ai	for	0	≤	i	≤	n.	In	fact,		n	q(x)	=	ai	pi	(x).	i=0	(d)(e)Deduce	the	Lagrange	interpolation	formula:		n	p(x)	=	p(ci	)pi	(x)	i=0	for	any	p(x)	∈	V.	Prove	that		b		n	p(t)	dt	=	p(ci	)di	,	a	i=0	where		b	di	=	pi	(t)	dt.	a	126	Chap.	2	Linear	Transformations	and	Matrices	Suppose	now	that	i(b	−	a)	ci	=	a	+	for	i
=	0,	1,	.	.	.	,	n.	n	For	n	=	1,	the	preceding	result	yields	the	trapezoidal	rule	for	evaluating	the	definite	integral	of	a	polynomial.	For	n	=	2,	this	result	yields	Simpson’s	rule	for	evaluating	the	definite	integral	of	a	polynomial.	11.Let	V	and	W	be	finite-dimensional	vector	spaces	over	F	,	and	let	ψ1	and	ψ2	be	the	isomorphisms	between	V	and	V∗∗	and	W	and
W∗∗	,	respec-	tively,	as	defined	in	Theorem	2.26.	Let	T	:	V	→	W	be	linear,	and	define	Ttt	=	(Tt	)t	.	Prove	that	the	diagram	depicted	in	Figure	2.6	commutes	(i.e.,	prove	that	ψ2	T	=	Ttt	ψ1).	T	V	−−−−→	W				ψ1	!	!ψ	2	V∗∗	−−−−→	Ttt	W	∗∗	Figure	2.6	12.Let	V	be	a	finite-dimensional	vector	space	with	the	ordered	basis	β.	∗∗Prove	that	ψ(β)	=	β	,	where	ψ	is
defined	in	Theorem	2.26.	In	Exercises	13	through	17,	V	denotes	a	finite-dimensional	vector	space	over	F	.	For	every	subset	S	of	V,	define	the	annihilator	S	0	of	S	as	13.14.S	0	=	{f	∈	V∗	:	f(x)	=	0	for	all	x	∈	S}.	(a)(b)(c)(d)(e)Prove	that	S	0	is	a	subspace	of	V∗	.	If	W	is	a	subspace	of	V	and	x	∈	W,	prove	that	there	exists	f	∈	W	0	such	that	f(x)	=	0.	Prove	that	(S
0	)0	=	span(ψ(S)),	where	ψ	is	defined	as	in	Theo-	rem	2.26.	For	subspaces	W1	and	W2	,	prove	that	W1	=	W2	if	and	only	if	W1	0	=	W2	0	.	For	subspaces	W1	and	W2	,	show	that	(W1	+	W2	)0	=	W1	0	∩	W2	0	.	Prove	that	if	W	is	a	subspace	of	V,	then	dim(W)	+	dim(W0	)	=	dim(V).	Hint:	Extend	an	ordered	basis	{x1	,	x2	,	.	.	.	,	xk	}	of	W	to	an	ordered	ba-	sis	β
=	{x1	,	x2	,	.	.	.	,	xn	}	of	V.	Let	β	∗	=	{f1	,	f2	,	.	.	.	,	fn	}.	Prove	that	{fk+1	,	fk+2	,	.	.	.	,	fn	}	is	a	basis	for	W	0	.	Sec.	2.7	Homogeneous	Linear	Differential	Equations	with	Constant	Coefficients	127	15.	Suppose	that	W	is	a	finite-dimensional	vector	space	and	that	T	:	V	→	W	is	linear.	Prove	that	N(Tt	)	=	(R(T))0	.	16.Use	Exercises	14	and	15	to	deduce	that
rank(LAt	)	=	rank(LA	)	for	any	A	∈	Mm×n	(F	).	17.Let	T	be	a	linear	operator	on	V,	and	let	W	be	a	subspace	of	V.	Prove	that	W	is	T-invariant	(as	defined	in	the	exercises	of	Section	2.1)	if	and	only	if	W0	is	Tt	-invariant.	18.Let	V	be	a	nonzero	vector	space	over	a	field	F	,	and	let	S	be	a	basis	for	V.	(By	the	corollary	to	Theorem	1.13	(p.	60)	in	Section	1.7,	every
vector	space	has	a	basis.)	Let	Φ	:	V	∗	→	L(S,	F	)	be	the	mapping	defined	by	Φ(f)	=	fS	,	the	restriction	of	f	to	S.	Prove	that	Φ	is	an	isomorphism.	Hint:	Apply	Exercise	34	of	Section	2.1.	19.Let	V	be	a	nonzero	vector	space,	and	let	W	be	a	proper	subspace	of	V	(i.e.,	W	=	V).	Prove	that	there	exists	a	nonzero	linear	functional	f	∈	V∗	such	that	f(x)	=	0	for	all	x	∈
W.	Hint:	For	the	infinite-dimensional	case,	use	Exercise	34	of	Section	2.1	as	well	as	results	about	extending	linearly	independent	sets	to	bases	in	Section	1.7.	20.	Let	V	and	W	be	nonzero	vector	spaces	over	the	same	field,	and	let	T	:	V	→	W	be	a	linear	transformation.	(a)(b)Prove	that	T	is	onto	if	and	only	if	Tt	is	one-to-one.	Prove	that	Tt	is	onto	if	and	only	if
T	is	one-to-one.	Hint:	Parts	of	the	proof	require	the	result	of	Exercise	19	for	the	infinite-	dimensional	case.	1.Label(a)(b)(c)(d)(e)(f	)(g)the	following	statements	as	true	or	false.	The	set	of	solutions	to	an	nth-order	homogeneous	linear	differential	equation	with	constant	coefficients	is	an	n-dimensional	subspace	of	C∞	.	The	solution	space	of	a	homogeneous
linear	differential	equation	with	constant	coefficients	is	the	null	space	of	a	differential	operator.	The	auxiliary	polynomial	of	a	homogeneous	linear	differential	equation	with	constant	coefficients	is	a	solution	to	the	differential	equation.	Any	solution	to	a	homogeneous	linear	differential	equation	with	constant	coefficients	is	of	the	form	aect	or	atk	ect	,
where	a	and	c	are	complex	numbers	and	k	is	a	positive	integer.	Any	linear	combination	of	solutions	to	a	given	homogeneous	linear	differential	equation	with	constant	coefficients	is	also	a	solution	to	the	given	equation.	For	any	homogeneous	linear	differential	equation	with	constant	coefficients	having	auxiliary	polynomial	p(t),	if	c1	,	c2	,	.	.	.	,	ck	are	the
distinct	zeros	of	p(t),	then	{ec1	t	,	ec2	t	,	.	.	.	,	eck	t	}	is	a	basis	for	the	solution	space	of	the	given	differential	equation.	Given	any	polynomial	p(t)	∈	P(C),	there	exists	a	homogeneous	lin-	ear	differential	equation	with	constant	coefficients	whose	auxiliary	polynomial	is	p(t).	Sec.	2.7	Homogeneous	Linear	Differential	Equations	with	Constant	Coefficients
141	2.	For	each	of	the	following	parts,	determine	whether	the	statement	is	true	or	false.	Justify	your	claim	with	either	a	proof	or	a	counterexample,	whichever	is	appropriate.	(a)	Any	finite-dimensional	subspace	of	C∞	is	the	solution	space	of	a	homogeneous	linear	differential	equation	with	constant	coefficients.	(b)	There	exists	a	homogeneous	linear
differential	equation	with	con-	stant	coefficients	whose	solution	space	has	the	basis	{t,	t2	}.	(c)	For	any	homogeneous	linear	differential	equation	with	constant	coefficients,	if	x	is	a	solution	to	the	equation,	so	is	its	derivative	x	.	Given	two	polynomials	p(t)	and	q(t)	in	P(C),	if	x	∈	N(p(D))	and	y	∈	N(q(D)),	then	(d)	x	+	y	∈	N(p(D)q(D)).	(e)	xy	∈	N(p(D)q(D)).
3.Find	a	basis	for	the	solution	space	of	each	of	the	following	differential	equations.		(a)	y	+	2y	+	y	=	0			(b)	y	=	y(c)	y	(4)	−	2y	(2)	+	y	=	0		(d)	y	+	2y	+	y	=	0	(e)	y	(3)	−	y(2)	+	3y	(1)	+	5y	=	0	4.Find	a	basis	for	each	of	the	following	subspaces	of	C∞	.	(a)(b)(c)N(D2	−	D	−	I)	N(D3	−	3D2	+	3D	−	I)	N(D3	+	6D2	+	8D)	5.6.Show	that	C∞	is	a	subspace	of	F(R,
C).	(a)	Show	that	D	:	C∞	→	C∞	is	a	linear	operator.	(b)	Show	that	any	differential	operator	is	a	linear	operator	on	C∞	.	7.Prove	that	if	{x,	y}	is	a	basis	for	a	vector	space	over	C,	then	so	is			1	1	(x	+	y),	(x	−	y)	.	2	2i	8.Consider	a	second-order	homogeneous	linear	differential	equation	with	constant	coefficients	in	which	the	auxiliary	polynomial	has	distinct
con-	jugate	complex	roots	a	+	ib	and	a	−	ib,	where	a,	b	∈	R.	Show	that	{eat	cos	bt,	eat	sin	bt}	is	a	basis	for	the	solution	space.	142	9.Chap.	2	Linear	Transformations	and	Matrices	Suppose	that	{U1	,	U2	,	.	.	.	,	Un	}	is	a	collection	of	pairwise	commutative	linear	operators	on	a	vector	space	V	(i.e.,	operators	such	that	UiUj	=	Uj	Ui	for	all	i,	j).	Prove	that,	for
any	i	(1	≤	i	≤	n),	N(Ui	)	⊆	N(U1	U2	·	·	·	Un	).	10.Prove	Theorem	2.33	and	its	corollary.	Hint:	Suppose	that	b1	e	c1	t	+	b2	ec2	t	+	·	·	·	+	bn	ecn	t	=	0	(where	the	ci	’s	are	distinct).	To	show	the	bi’s	are	zero,	apply	mathematical	induction	on	n	as	follows.	Verify	the	theorem	for	n	=	1.	Assuming	that	the	theorem	is	true	for	n	−	1	functions,	apply	the	operator	D
−	cn	I	to	both	sides	of	the	given	equation	to	establish	the	theorem	for	n	distinct	exponential	functions.	11.Prove	Theorem	2.34.	Hint:	First	verify	that	the	alleged	basis	lies	in	the	solution	space.	Then	verify	that	this	set	is	linearly	independent	by	mathematical	induction	on	k	as	follows.	The	case	k	=	1	is	the	lemma	to	Theorem	2.34.	Assuming	that	the
theorem	holds	for	k	−	1	distinct	ci	’s,	apply	the	operator	(D	−	ck	I)nk	to	any	linear	combination	of	the	alleged	basis	that	equals	0	.	12.Let	V	be	the	solution	space	of	an	nth-order	homogeneous	linear	differ-	ential	equation	with	constant	coefficients	having	auxiliary	polynomial	p(t).	Prove	that	if	p(t)	=	g(t)h(t),	where	g(t)	and	h(t)	are	polynomials	of	positive
degree,	then	N(h(D))	=	R(g(DV	))	=	g(D)(V),	where	DV	:	V	→	V	is	defined	by	DV	(x)	=	x	for	x	∈	V.	Hint:	First	prove	g(D)(V)	⊆	N(h(D)).	Then	prove	that	the	two	spaces	have	the	same	finite	dimension.	13.	A	differential	equation	y	(n)	+	an−1	y	(n−1)	+	·	·	·	+	a1	y	(1)	+	a0	y	=	x	is	called	a	nonhomogeneous	linear	differential	equation	with	constant	coefficients
if	the	ai	’s	are	constant	and	x	is	a	function	that	is	not	iden-	tically	zero.	(a)	Prove	that	for	any	x	∈	C∞	there	exists	y	∈	C∞	such	that	y	is	a	solution	to	the	differential	equation.	Hint:	Use	Lemma	1	to	Theorem	2.32	to	show	that	for	any	polynomial	p(t),	the	linear	operator	p(D)	:	C∞	→	C∞	is	onto.	Sec.	2.7	Homogeneous	Linear	Differential	Equations	with
Constant	Coefficients	143	(b)Let	V	be	the	solution	space	for	the	homogeneous	linear	equation	y(n)	+	an−1	y(n−1)	+	·	·	·	+	a1y	(1)	+	a0	y	=	0	.	Prove	that	if	z	is	any	solution	to	the	associated	nonhomogeneous	linear	differential	equation,	then	the	set	of	all	solutions	to	the	nonhomogeneous	linear	differential	equation	is	{z	+	y	:	y	∈	V}.	14.Given	any	nth-
order	homogeneous	linear	differential	equation	with	con-	stant	coefficients,	prove	that,	for	any	solution	x	and	any	t0	∈	R,	if	x(t0	)	=	x	(t0	)	=	·	·	·	=	x(n−1)	(t0	)	=	0,	then	x	=	0	(the	zero	function).	Hint:	Use	mathematical	induction	on	n	as	follows.	First	prove	the	con-	clusion	for	the	case	n	=	1.	Next	suppose	that	it	is	true	for	equations	of	order	n	−	1,	and
consider	an	nth-order	differential	equation	with	aux-	iliary	polynomial	p(t).	Factor	p(t)	=	q(t)(t	−	c),	and	let	z	=	q((D))x.	Show	that	z(t0	)	=	0	and	z	−	cz	=	0	to	conclude	that	z	=	0	.	Now	apply	the	induction	hypothesis.	15.	Let	V	be	the	solution	space	of	an	nth-order	homogeneous	linear	dif-	ferential	equation	with	constant	coefficients.	Fix	t0	∈	R,	and	define
a	mapping	Φ	:	V	→	Cn	by	⎛	⎞	x(t0	)	⎜	x	(t0	)	⎟	⎜	⎟	Φ(x)	=	⎜	⎝	..	.	⎟	⎠	for	each	x	in	V.	x(n−1)	(t0	)	(a)(b)Prove	that	Φ	is	linear	and	its	null	space	is	the	zero	subspace	of	V.	Deduce	that	Φ	is	an	isomorphism.	Hint:	Use	Exercise	14.	Prove	the	following:	For	any	nth-order	homogeneous	linear	dif-	ferential	equation	with	constant	coefficients,	any	t0	∈	R,	and	any
complex	numbers	c0	,	c1	,	.	.	.	,	cn−1	(not	necessarily	distinct),	there	exists	exactly	one	solution,	x,	to	the	given	differential	equation	such	that	x(t0	)	=	c0	and	x(k)	(t0	)	=	ck	for	k	=	1,	2,	.	.	.	n	−	1.	16.Pendular	Motion.	It	is	well	known	that	the	motion	of	a	pendulum	is	approximated	by	the	differential	equation	g	θ	+	θ	=	0	,	l	where	θ(t)	is	the	angle	in
radians	that	the	pendulum	makes	with	a	vertical	line	at	time	t	(see	Figure	2.8),	interpreted	so	that	θ	is	positive	if	the	pendulum	is	to	the	right	and	negative	if	the	pendulum	is	to	the	144	Chap.	2	Linear	Transformations	and	Matrices	S	.	.	.	.	.	.	.	.	.	.	.	.	S	.	.	.	.	.	.	.	.	.	.	.	.	.	.	.	.	.	.	.	.	.	.	.	.	.	.	.	.	.	.	.	.	.	.	.	.	θ(t)	.	.	.	.	.	>	.	.	.	.	.	.	.	.	.	.	.	.	.	.	.	S	.	.	.	.	.	.	.	.	.	.	.	.	.	.	.	.	.	.	l	.	.	.
.	.	.	.	.	.	.	.	.	.	.	.	.	.	.	Sq	Figure	2.8	left	of	the	vertical	line	as	viewed	by	the	reader.	Here	l	is	the	length	of	the	pendulum	and	g	is	the	magnitude	of	acceleration	due	to	gravity.	The	variable	t	and	constants	l	and	g	must	be	in	compatible	units	(e.g.,	t	in	seconds,	l	in	meters,	and	g	in	meters	per	second	per	second).	(a)	Express	an	arbitrary	solution	to	this
equation	as	a	linear	combi-	nation	of	two	real-valued	solutions.	(b)	Find	the	unique	solution	to	the	equation	that	satisfies	the	condi-	tions	θ(0)	=	θ0	>	0	andθ	(0)	=	0.	(The	significance	of	these	conditions	is	that	at	time	t	=	0	the	pendulum	is	released	from	a	position	displaced	from	the	vertical	by	θ0	.)		(c)	Prove	that	it	takes	2π	l/g	units	of	time	for	the
pendulum	to	make	one	circuit	back	and	forth.	(This	time	is	called	the	period	of	the	pendulum.)	17.	Periodic	Motion	of	a	Spring	without	Damping.	Find	the	general	solu-	tion	to	(3),	which	describes	the	periodic	motion	of	a	spring,	ignoring	frictional	forces.	18.Periodic	Motion	of	a	Spring	with	Damping.	The	ideal	periodic	motion	described	by	solutions	to	(3)
is	due	to	the	ignoring	of	frictional	forces.	In	reality,	however,	there	is	a	frictional	force	acting	on	the	motion	that	is	proportional	to	the	speed	of	motion,	but	that	acts	in	the	opposite	direction.	The	modification	of	(3)	to	account	for	the	frictional	force,	called	the	damping	force,	is	given	by		my	+	ry	+	ky	=	0	,	where	r	>	0	is	the	proportionality	constant.	(a)
Find	the	general	solution	to	this	equation.	Chap.	2	Index	of	Definitions	145	(b)(c)Find	the	unique	solution	in	(a)	that	satisfies	the	initial	conditions	y(0)	=	0	and	y	(0)	=	v0	,	the	initial	velocity.	For	y(t)	as	in	(b),	show	that	the	amplitude	of	the	oscillation	de-	creases	to	zero;	that	is,	prove	that	lim	y(t)	=	0.	t→∞	19.	In	our	study	of	differential	equations,	we	have
regarded	solutions	as	complex-valued	functions	even	though	functions	that	are	useful	in	de-	scribing	physical	motion	are	real-valued.	Justify	this	approach.	20.The	following	parts,	which	do	not	involve	linear	algebra,	are	included	for	the	sake	of	completeness.	(a)	Prove	Theorem	2.27.	Hint:	Use	mathematical	induction	on	the	number	of	derivatives
possessed	by	a	solution.	(b)	For	any	c,	d	∈	C,	prove	that	1	ec+d	=	cced	and	e−c	=	.	ec	(c)	Prove	Theorem	2.28.	(d)	Prove	Theorem	2.29.	(e)	Prove	the	product	rule	for	differentiating	complex-valued	func-	tions	of	a	real	variable:	For	any	differentiable	functions	x	and	y	in	F(R,	C),	the	product	xy	is	differentiable	and	(xy)	=	x	y	+	xy		.	(f	)Hint:	Apply	the	rules
of	differentiation	to	the	real	and	imaginary	parts	of	xy.	Prove	that	if	x	∈	F(R,	C)	and	x	=	0	,	then	x	is	a	constant	func-	tion.	Solutions	to	Linear	Algebra,	Stephen	H.	Friedberg,	Fourth	Edition	(Chapter	6)		(0)	2019.06.15	Solutions	to	Linear	Algebra,	Stephen	H.	Friedberg,	Fourth	Edition	(Chapter	5)		(0)	2019.06.15	Solutions	to	Linear	Algebra,	Stephen	H.
Friedberg,	Fourth	Edition	(Chapter	4)		(0)	2019.06.15	Solutions	to	Linear	Algebra,	Stephen	H.	Friedberg,	Fourth	Edition	(Chapter	3)		(0)	2019.06.15	Solutions	to	Linear	Algebra,	Stephen	H.	Friedberg,	Fourth	Edition	(Chapter	2)		(0)	2019.06.15	Solutions	to	Linear	Algebra,	Stephen	H.	Friedberg,	Fourth	Edition	(Chapter	1)		(0)	2019.06.15	Page	2	Solution
maual	to	Linear	Algebra,	Fourth	Edition,	Stephen	H.	Friedberg.	(Chapter	1)	Solutions	to	Linear	Algebra,	Fourth	Edition,	Stephen	H.	Friedberg.	(Chapter	1)	Linear	Algebra	solution	manual,	Fourth	Edition,	Stephen	H.	Friedberg.	(Chapter	1)	Linear	Algebra	solutions	Friedberg.	(Chapter	1)	1.EXERCISES	Determine	whether	the	vectors	emanating	from	the
origin	and	termi-	nating	at	the	following	pairs	of	points	are	parallel.	6	Chap.	1	Vector	Spaces	(a)	(b)	(c)	(d)	(3,	1,	2)	and	(6,	4,	2)	(−3,	1,	7)	and	(9,	−3,	−21)	(5,	−6,	7)	and	(−5,	6,	−7)	(2,	0,	−5)	and	(5,	0,	−2)	2.Find	the	equations	of	the	lines	through	the	following	pairs	of	points	in	space.	(a)	(b)	(c)	(d)	(3,	−2,	4)	and	(−5,	7,	1)	(2,	4,	0)	and	(−3,	−6,	0)	(3,	7,	2)
and	(3,	7,	−8)	(−2,	−1,	5)	and	(3,	9,	7)	3.Find	the	equations	of	the	planes	containing	the	following	points	in	space.	(a)	(b)	(c)	(d)	(2,	−5,	−1),	(0,	4,	6),	and	(−3,	7,	1)	(3,	−6,	7),	(−2,	0,	−4),	and	(5,	−9,	−2)	(−8,	2,	0),	(1,	3,	0),	and	(6,	−5,	0)	(1,	1,	1),	(5,	5,	5),	and	(−6,	4,	2)	4.What	are	the	coordinates	of	the	vector	0	in	the	Euclidean	plane	that	satisfies
property	3	on	page	3?	Justify	your	answer.	5.Prove	that	if	the	vector	x	emanates	from	the	origin	of	the	Euclidean	plane	and	terminates	at	the	point	with	coordinates	(a1	,	a2	),	then	the	vector	tx	that	emanates	from	the	origin	terminates	at	the	point	with	coordinates	(ta1	,	ta2	).	6.Show	that	the	midpoint	of	the	line	segment	joining	the	points	(a,	b)	and	(c,	d)
is	((a	+	c)/2,	(b	+	d)/2).	7.	Prove	that	the	diagonals	of	a	parallelogram	bisect	each	other.	1.Label	the	following	statements	as	true	or	false.	(a)(b)(c)(d)(e)(f	)(g)(h)(i)Every	vector	space	contains	a	zero	vector.	A	vector	space	may	have	more	than	one	zero	vector.	In	any	vector	space,	ax	=	bx	implies	that	a	=	b.	In	any	vector	space,	ax	=	ay	implies	that	x	=	y.	A
vector	in	Fn	may	be	regarded	as	a	matrix	in	Mn×1	(F	).	An	m	×	n	matrix	has	m	columns	and	n	rows.	In	P(F	),	only	polynomials	of	the	same	degree	may	be	added.	If	f	and	g	are	polynomials	of	degree	n,	then	f	+	g	is	a	polynomial	of	degree	n.	If	f	is	a	polynomial	of	degree	n	and	c	is	a	nonzero	scalar,	then	cf	is	a	polynomial	of	degree	n.	Sec.	1.2	Vector	Spaces
13	(j)	A	nonzero	scalar	of	F	may	be	considered	to	be	a	polynomial	in	P(F	)	having	degree	zero.	(k)	Two	functions	in	F(S,	F	)	are	equal	if	and	only	if	they	have	the	same	value	at	each	element	of	S.	2.	Write	the	zero	vector	of	M3×4	(F	).	3.	If		1	2	3	M	=	,	4	5	6	what	are	M13	,	M21	,	and	M22	?	4.	Perform	the	indicated	operations.			2	5	−3	4	−2	5	(a)	+	1	0	7	−5
3	2	⎛	⎞	⎛	⎞	−6	4	7	−5	(b)	⎝	3	−2⎠	+	⎝0	−3⎠	1	8	2	0		2	5	−3	(c)	4	1	0	7	⎛	⎞	−6	4	(d)	−5	⎝	3	−2⎠	1	8	(e)	(2x4	−	7x3	+	4x	+	3)	+	(8x3	+	2x2	−	6x	+	7)	(f	)	(−3x3	+	7x2	+	8x	−	6)	+	(2x3	−	8x	+	10)	(g)	5(2x7	−	6x4	+	8x2	−	3x)	(h)	3(x5	−	2x3	+	4x	+	2)	Exercises	5	and	6	show	why	the	definitions	of	matrix	addition	and	scalar	multiplication	(as	defined	in	Example
2)	are	the	appropriate	ones.	5.	Richard	Gard	(“Effects	of	Beaver	on	Trout	in	Sagehen	Creek,	Cali-	fornia,”	J.	Wildlife	Management,	25,	221-242)	reports	the	following	number	of	trout	having	crossed	beaver	dams	in	Sagehen	Creek.	Upstream	Crossings	Fall	Spring	Summer	Brook	trout	8	3	1	Rainbow	trout	3	0	0	Brown	trout	3	0	0	14	Downstream	Crossings
Chap.	1	Vector	Spaces	Fall	Spring	Summer	Brook	trout	9	1	4	Rainbow	trout	3	0	0	Brown	trout	1	1	0	Record	the	upstream	and	downstream	crossings	in	two	3	×	3	matrices,	and	verify	that	the	sum	of	these	matrices	gives	the	total	number	of	crossings	(both	upstream	and	downstream)	categorized	by	trout	species	and	season.	6.	At	the	end	of	May,	a
furniture	store	had	the	following	inventory.	Early	Mediter-	American	Spanish	ranean	Danish	Living	room	suites	4	2	1	3	Bedroom	suites	5	1	1	4	Dining	room	suites	3	1	2	6	Record	these	data	as	a	3	×	4	matrix	M	.	To	prepare	for	its	June	sale,	the	store	decided	to	double	its	inventory	on	each	of	the	items	listed	in	the	preceding	table.	Assuming	that	none	of
the	present	stock	is	sold	until	the	additional	furniture	arrives,	verify	that	the	inventory	on	hand	after	the	order	is	filled	is	described	by	the	matrix	2M	.	If	the	inventory	at	the	end	of	June	is	described	by	the	matrix	⎛	⎞	5	3	1	2	A	=	⎝6	2	1	5⎠	,	1	0	3	3	7.8.9.interpret	2M	−	A.	How	many	suites	were	sold	during	the	June	sale?	Let	S	=	{0,	1}	and	F	=	R.	In	F(S,	R),
show	that	f	=	g	and	f	+	g	=	h,	where	f	(t)	=	2t	+	1,	g(t)	=	1	+	4t	−	2t2	,	and	h(t)	=	5t	+	1.	In	any	vector	space	V,	show	that	(a	+	b)(x	+	y)	=	ax	+	ay	+	bx	+	by	for	any	x,	y	∈	V	and	any	a,	b	∈	F	.	Prove	Corollaries	1	and	2	of	Theorem	1.1	and	Theorem	1.2(c).	10.Let	V	denote	the	set	of	all	differentiable	real-valued	functions	defined	on	the	real	line.	Prove	that
V	is	a	vector	space	with	the	operations	of	addition	and	scalar	multiplication	defined	in	Example	3.	Sec.	1.2	Vector	Spaces	15	11.Let	V	=	{0	}	consist	of	a	single	vector	0	and	define	0	+	0	=	0	and	c0	=	0	for	each	scalar	c	in	F	.	Prove	that	V	is	a	vector	space	over	F	.	(V	is	called	the	zero	vector	space.)	12.A	real-valued	function	f	defined	on	the	real	line	is
called	an	even	func-	tion	if	f	(−t)	=	f	(t)	for	each	real	number	t.	Prove	that	the	set	of	even	functions	defined	on	the	real	line	with	the	operations	of	addition	and	scalar	multiplication	defined	in	Example	3	is	a	vector	space.	13.Let	V	denote	the	set	of	ordered	pairs	of	real	numbers.	If	(a1	,	a2	)	and	(b1	,	b2	)	are	elements	of	V	and	c	∈	R,	define	(a1	,	a2	)	+	(b1	,
b2	)	=	(a1	+	b1	,	a2	b2	)	and	c(a1	,	a2	)	=	(ca1	,	a2	).	Is	V	a	vector	space	over	R	with	these	operations?	Justify	your	answer.	14.Let	V	=	{(a1	,	a2	,	.	.	.	,	an	)	:	ai	∈	C	for	i	=	1,	2,	.	.	.	n};	so	V	is	a	vector	space	over	C	by	Example	1.	Is	V	a	vector	space	over	the	field	of	real	numbers	with	the	operations	of	coordinatewise	addition	and	multipli-	cation?	15.Let	V	=
{(a1	,	a2	,	.	.	.	,	an)	:	ai	∈	R	for	i	=	1,	2,	.	.	.	n};	so	V	is	a	vec-	tor	space	over	R	by	Example	1.	Is	V	a	vector	space	over	the	field	of	complex	numbers	with	the	operations	of	coordinatewise	addition	and	multiplication?	16.Let	V	denote	the	set	of	all	m	×	n	matrices	with	real	entries;	so	V	is	a	vector	space	over	R	by	Example	2.	Let	F	be	the	field	of	rational
numbers.	Is	V	a	vector	space	over	F	with	the	usual	definitions	of	matrix	addition	and	scalar	multiplication?	17.Let	V	=	{(a1	,	a2	)	:	a1	,	a2	∈	F	},	where	F	is	a	field.	Define	addition	of	elements	of	V	coordinatewise,	and	for	c	∈	F	and	(a1	,	a2	)	∈	V,	define	c(a1	,	a2	)	=	(a1	,	0).	18.Is	V	a	vector	space	over	F	with	these	operations?	Justify	your	answer.	Let	V	=
{(a1	,	a2	)	:	a1	,	a2	∈	R}.	For	(a1	,	a2	),	(b1	,	b2	)	∈	V	and	c	∈	R,	define	(a1	,	a2	)	+	(b1	,	b2	)	=	(a1	+	2b1	,	a2	+	3b2	)	and	c(a1	,	a2	)	=	(ca1	,	ca2	).	Is	V	a	vector	space	over	R	with	these	operations?	Justify	your	answer.	16	19.20.21.Chap.	1	Vector	Spaces	Let	V	=	{(a1	,	a2	)	:	a1	,	a2	∈	R}.	Define	addition	of	elements	of	V	coor-	dinatewise,	and	for	(a1	,	a2	)
in	V	and	c	∈	R,	define	⎧	⎪	⎨(0,	0)	if	c	=	0	c(a1	,	a2	)	=			⎪	⎩	ca1	,	a	2	if	c	=	0.	c	Is	V	a	vector	space	over	R	with	these	operations?	Justify	your	answer.	Let	V	be	the	set	of	sequences	{an	}	of	real	numbers.	(See	Example	5	for	the	definition	of	a	sequence.)	For	{an	},	{bn	}	∈	V	and	any	real	number	t,	define	{an	}	+	{bn	}	=	{an	+	bn	}	and	t{an}	=	{tan	}.
Prove	that,	with	these	operations,	V	is	a	vector	space	over	R.	Let	V	and	W	be	vector	spaces	over	a	field	F	.	Let	Z	=	{(v,	w)	:	v	∈	V	and	w	∈	W}.	Prove	that	Z	is	a	vector	space	over	F	with	the	operations	(v1	,	w	1	)	+	(v2	,	w2	)	=	(v1	+	v2	,	w1	+	w2	)	and	c(v1	,	w1	)	=	(cv1,	cw1	).	22.	How	many	matrices	are	there	in	the	vector	space	Mm×n	(Z2	)?	(See
Appendix	C.)	1.	Label	the	following	statements	as	true	or	false.	(a)	If	V	is	a	vector	space	and	W	is	a	subset	of	V	that	is	a	vector	space,	then	W	is	a	subspace	of	V.	(b)	The	empty	set	is	a	subspace	of	every	vector	space.	(c)	If	V	is	a	vector	space	other	than	the	zero	vector	space,	then	V	contains	a	subspace	W	such	that	W	=	V.	(d)	The	intersection	of	any	two
subsets	of	V	is	a	subspace	of	V.	20	Chap.	1	Vector	Spaces	(e)(f	)(g)An	n	×	n	diagonal	matrix	can	never	have	more	than	n	nonzero	entries.	The	trace	of	a	square	matrix	is	the	product	of	its	diagonal	entries.	Let	W	be	the	xy-plane	in	R3	;	that	is,	W	=	{(a1	,	a2	,	0)	:	a1	,	a2	∈	R}.	Then	W	=	R2	.	2.	Determine	the	transpose	of	each	of	the	matrices	that	follow.	In
addition,	if	the	matrix	is	square,	compute	its	trace.			−4	2	0	8	−6	(a)	(b)	5	−1	3	4	7	⎛	⎞	⎛	⎞	−3	9	10	0	−8	(c)	⎝	0	−2⎠	(d)	⎝	2	−4	3⎠	6	1	−5	7	6				−2	5	1	4	(e)	1	−1	3	5	(f	)	7	0	1	−6	⎛	⎞	⎛	⎞	5	−4	0	6	(g)	⎝6⎠	(h)	⎝	0	1	−3⎠	7	6	−3	5	3.4.5.6.Prove	that	(aA	+	bB)t	=	aAt	+	bB	t	for	any	A,	B	∈	Mm×n	(F	)	and	any	a,	b	∈	F	.	Prove	that	(At	)t	=	A	for	each	A	∈	Mm×n	(F	).
Prove	that	A	+	At	is	symmetric	for	any	square	matrix	A.	Prove	that	tr(aA	+	bB)	=	a	tr(A)	+	b	tr(B)	for	any	A,	B	∈	Mn×n	(F	).	7.	Prove	that	diagonal	matrices	are	symmetric	matrices.	8.9.Determine	whether	the	following	sets	are	subspaces	of	R3	under	the	operations	of	addition	and	scalar	multiplication	defined	on	R3	.	Justify	your	answers.	(a)	(b)	(c)	(d)	(e)
(f	)	W1	=	{(a1	,	a2	,	a3	)	∈	R3	:	a1	=	3a2	and	a3	=	−a2	}	W2	=	{(a1	,	a2	,	a3	)	∈	R3	:	a1	=	a3	+	2}	W3	=	{(a1	,	a2	,	a3	)	∈	R3	:	2a1	−	7a2	+	a3	=	0}	W4	=	{(a1	,	a2	,	a3	)	∈	R3	:	a1	−	4a2	−	a3	=	0}	W5	=	{(a1	,	a2	,	a3	)	∈	R3	:	a1	+	2a2	−	3a3	=	1}	W6	=	{(a1	,	a2	,	a3	)	∈	R3	:	5a21	−	3a22	+	6a23	=	0}	Let	W1	,	W3	,	and	W4	be	as	in	Exercise	8.	Describe
W1	∩	W3	,	W1	∩	W4	,	and	W3	∩	W4	,	and	observe	that	each	is	a	subspace	of	R3	.	Sec.	1.3	Subspaces	21	10.11.Prove	that	W1	=	{(a1	,	a2	,	.	.	.	,	an	)	∈	Fn	:	a1	+	a2	+	·	·	·	+	an	=	0}	is	a	subspace	of	Fn	,	but	W2	=	{(a1	,	a2	,	.	.	.	,	an	)	∈	Fn	:	a1	+	a2	+	·	·	·	+	an	=	1}	is	not.	Is	the	set	W	=	{f	(x)	∈	P(F	)	:	f	(x)	=	0	or	f	(x)	has	degree	n}	a	subspace	of	P(F	)	if	n	≥
1?	Justify	your	answer.	12.13.14.An	m×n	matrix	A	is	called	upper	triangular	if	all	entries	lying	below	the	diagonal	entries	are	zero,	that	is,	if	Aij	=	0	whenever	i	>	j.	Prove	that	the	upper	triangular	matrices	form	a	subspace	of	Mm×n	(F	).	Let	S	be	a	nonempty	set	and	F	a	field.	Prove	that	for	any	s0	∈	S,	{f	∈	F(S,	F	)	:	f	(s0	)	=	0},	is	a	subspace	of	F(S,	F	).
Let	S	be	a	nonempty	set	and	F	a	field.	Let	C(S,	F	)	denote	the	set	of	all	functions	f	∈	F(S,	F	)	such	that	f	(s)	=	0	for	all	but	a	finite	number	of	elements	of	S.	Prove	that	C(S,	F	)	is	a	subspace	of	F(S,	F	).	15.Is	the	set	of	all	differentiable	real-valued	functions	defined	on	R	a	sub-	space	of	C(R)?	Justify	your	answer.	16.Let	Cn	(R)	denote	the	set	of	all	real-valued
functions	defined	on	the	real	line	that	have	a	continuous	nth	derivative.	Prove	that	Cn	(R)	is	a	subspace	of	F(R,	R).	17.Prove	that	a	subset	W	of	a	vector	space	V	is	a	subspace	of	V	if	and	only	if	W	=	∅,	and,	whenever	a	∈	F	and	x,	y	∈	W,	then	ax	∈	W	and	x	+	y	∈	W.	18.Prove	that	a	subset	W	of	a	vector	space	V	is	a	subspace	of	V	if	and	only	if	0	∈	W	and	ax	+
y	∈	W	whenever	a	∈	F	and	x,	y	∈	W	.	19.Let	W1	and	W2	be	subspaces	of	a	vector	space	V.	Prove	that	W1	∪	W2	is	a	subspace	of	V	if	and	only	if	W1	⊆	W2	or	W2	⊆	W1	.	20.	†	Prove	that	if	W	is	a	subspace	of	a	vector	space	V	and	w1	,	w2	,	.	.	.	,	wn	are	in	W,	then	a1	w1	+	a2	w2	+	·	·	·	+	an	wn	∈	W	for	any	scalars	a1	,	a2	,	.	.	.	,	an	.	21.Show	that	the	set	of
convergent	sequences	{an	}	(i.e.,	those	for	which	limn→∞	an	exists)	is	a	subspace	of	the	vector	space	V	in	Exercise	20	of	Section	1.2.	22.Let	F1	and	F2	be	fields.	A	function	g	∈	F(F1	,	F2	)	is	called	an	even	function	if	g(−t)	=	g(t)	for	each	t	∈	F1	and	is	called	an	odd	function	if	g(−t)	=	−g(t)	for	each	t	∈	F1	.	Prove	that	the	set	of	all	even	functions	in	F(F1	,
F2	)	and	the	set	of	all	odd	functions	in	F(F1	,	F2	)	are	subspaces	of	F(F1	,	F2	).	†	A	dagger	means	that	this	exercise	is	essential	for	a	later	section.	22	Chap.	1	Vector	Spaces	The	following	definitions	are	used	in	Exercises	23–30.	Definition.	If	S1	and	S2	are	nonempty	subsets	of	a	vector	space	V,	then	the	sum	of	S1	and	S2	,	denoted	S1	+	S2	,	is	the	set	{x	+
y	:	x	∈	S1	and	y	∈	S2	}.	Definition.	A	vector	space	V	is	called	the	direct	sum	of	W1	and	W2	if	W1	and	W2	are	subspaces	of	V	such	that	W1	∩	W2	=	{0	}	and	W1	+	W2	=	V.	We	denote	that	V	is	the	direct	sum	of	W1	and	W2	by	writing	V	=	W1	⊕	W2	.	23.	Let	W1	and	W2	be	subspaces	of	a	vector	space	V.	(a)	Prove	that	W1	+	W2	is	a	subspace	of	V	that
contains	both	W1	and	W2	.	(b)	Prove	that	any	subspace	of	V	that	contains	both	W1	and	W2	must	also	contain	W1	+	W2	.	24.	Show	that	Fn	is	the	direct	sum	of	the	subspaces	W1	=	{(a1	,	a2	,	.	.	.	,	an	)	∈	Fn	:	an	=	0}	and	W2	=	{(a1	,	a2	,	.	.	.	,	an	)	∈	Fn	:	a1	=	a2	=	·	·	·	=	an−1	=	0}.	25.Let	W1	denote	the	set	of	all	polynomials	f	(x)	in	P(F	)	such	that	in	the
representation	f	(x)	=	an	xn	+	an−1	xn−1	+	·	·	·	+	a1	x	+	a0	,	we	have	ai	=	0	whenever	i	is	even.	Likewise	let	W2	denote	the	set	of	all	polynomials	g(x)	in	P(F	)	such	that	in	the	representation	g(x)	=	bm	xm	+	bm−1xm−1	+	·	·	·	+	b1	x	+	b0	,	we	have	bi	=	0	whenever	i	is	odd.	Prove	that	P(F	)	=	W1	⊕	W2	.	26.In	Mm×n	(F	)	define	W1	=	{A	∈	Mm×n(F	)	:	Aij
=	0	whenever	i	>	j}	and	W2	=	{A	∈	Mm×n	(F	)	:	Aij	=	0	whenever	i	≤	j}.	(W1	is	the	set	of	all	upper	triangular	matrices	defined	in	Exercise	12.)	Show	that	Mm×n	(F	)	=	W1	⊕	W2	.	27.Let	V	denote	the	vector	space	consisting	of	all	upper	triangular	n	×	n	matrices	(as	defined	in	Exercise	12),	and	let	W1	denote	the	subspace	of	V	consisting	of	all	diagonal
matrices.	Show	that	V	=	W1	⊕	W2	,	where	W2	=	{A	∈	V	:	Aij	=	0	whenever	i	≥	j}.	Sec.	1.3	Subspaces	23	28.29.A	matrix	M	is	called	skew-symmetric	if	M	t	=	−M	.	Clearly,	a	skew-	symmetric	matrix	is	square.	Let	F	be	a	field.	Prove	that	the	set	W1	of	all	skew-symmetric	n	×	n	matrices	with	entries	from	F	is	a	subspace	of	Mn×n	(F	).	Now	assume	that	F	is
not	of	characteristic	2	(see	Ap-	pendix	C),	and	let	W2	be	the	subspace	of	Mn×n	(F	)	consisting	of	all	symmetric	n	×	n	matrices.	Prove	that	Mn×n	(F	)	=	W1	⊕	W	2	.	Let	F	be	a	field	that	is	not	of	characteristic	2.	Define	W1	=	{A	∈	Mn×n	(F	)	:	Aij	=	0	whenever	i	≤	j}	and	W2	to	be	the	set	of	all	symmetric	n	×	n	matrices	with	entries	from	F	.	Both	W1	and	W2
are	subspaces	of	Mn×n	(F	).	Prove	that	Mn×n(F	)	=	W1	⊕	W2	.	Compare	this	exercise	with	Exercise	28.	30.31.Let	W1	and	W2	be	subspaces	of	a	vector	space	V.	Prove	that	V	is	the	direct	sum	of	W1	and	W2	if	and	only	if	each	vector	in	V	can	be	uniquely	written	as	x	1	+	x	2	,	where	x1	∈	W1	and	x2	∈	W2	.	Let	W	be	a	subspace	of	a	vector	space	V	over	a
field	F	.	For	any	v	∈	V	the	set	{v}	+	W	=	{v	+	w	:	w	∈	W}	is	called	the	coset	of	W	containing	v.	It	is	customary	to	denote	this	coset	by	v	+	W	rather	than	{v}	+	W.	(a)	Prove	that	v	+	W	is	a	subspace	of	V	if	and	only	if	v	∈	W.	(b)	Prove	that	v1	+	W	=	v2	+	W	if	and	only	if	v1	−	v2	∈	W.	Addition	and	scalar	multiplication	by	scalars	of	F	can	be	defined	in	the
collection	S	=	{v	+	W	:	v	∈	V}	of	all	cosets	of	W	as	follows:	(v1	+	W)	+	(v2	+	W)	=	(v1	+	v2	)	+	W	for	all	v1	,	v2	∈	V	and	a(v	+	W)	=	av	+	W	for	all	v	∈	V	and	a	∈	F	.	(c)	Prove	that	the	preceding	operations	are	well	defined;	that	is,	show	that	if	v1	+	W	=	v1		+	W	and	v2	+	W	=	v2		+	W,	then		(v1	+	W)	+	(v2	+	W)	=	(v1	+	W)	+	(v2	+	W)	and	a(v1	+	W)	=	a(v1
+	W)	for	all	a	∈	F	.	(d)	Prove	that	the	set	S	is	a	vector	space	with	the	operations	defined	in	(c).	This	vector	space	is	called	the	quotient	space	of	V	modulo	W	and	is	denoted	by	V/W.	1.	Label	the	following	statements	as	true	or	false.	(a)(b)(c)(d)(e)(f	)The	zero	vector	is	a	linear	combination	of	any	nonempty	set	of	vectors.	The	span	of	∅	is	∅.	If	S	is	a	subset	of
a	vector	space	V,	then	span(S)	equals	the	inter-	section	of	all	subspaces	of	V	that	contain	S.	In	solving	a	system	of	linear	equations,	it	is	permissible	to	multiply	an	equation	by	any	constant.	In	solving	a	system	of	linear	equations,	it	is	permissible	to	add	any	multiple	of	one	equation	to	another.	Every	system	of	linear	equations	has	a	solution.	Sec.	1.4
Linear	Combinations	and	Systems	of	Linear	Equations	33	2.	Solve	the	following	systems	of	linear	equations	by	the	method	intro-	duced	in	this	section.	2x1	−	2x2	−	3x3	=	−2	(a)	3x1	−	3x2	−	2x3	+	5x4	=	7	x1	−	x2	−	2x3	−	x4	=	−3	3x1	−	7x2	+	4x3	=	10	(b)	x1	−	2x2	+	x3	=	3	2x1	−	x2	−	2x3	=	6	x1	+	2x2	−	x3	+	x4	=	5	(c)	x1	+	4x2	−	3x3	−	3x4	=	6	2x1
+	3x2	−	x3	+	4x4	=	8	x1	+	2x	2	+	2x3	=	2	(d)	x1	+	8x3	+	5x4	=	−6	x1	+	x	2	+	5x3	+	5x4	=	3	x1	+	2x2	−	4x3	−	x4	+	x5	=	7	−x1	+	10x3	−	3x4	−	4x5	=	−16	(e)	2x1	+	5x2	−	5x3	−	4x4	−	x5	=	2	4x1	+	11x2	−	7x3	−	10x4	−	2x5	=	7	x1	+	2x2	+	6x3	=	−1	2x1	+	x2	+	x3	=	8	(f	)	3x1	+	x2	−	x3	=	15	x1	+	3x2	+	10x3	=	−5	3.For	each	of	the	following	lists	of
vectors	in	R3	,	determine	whether	the	first	vector	can	be	expressed	as	a	linear	combination	of	the	other	two.	(a)	(b)	(c)	(d)	(e)	(f	)	(−2,	0,	3),	(1,	3,	0),	(2,	4,	−1)	(1,	2,	−3),	(−3,	2,	1),	(2,	−1,	−1)	(3,	4,	1),	(1,	−2,	1),	(−2,	−1,	1)	(2,	−1,	0),	(1,	2,	−3),	(1,	−3,	2)	(5,	1,	−5),	(1,	−2,	−3),	(−2,	3,	−4)	(−2,	2,	2),	(1,	2,	−1),	(−3,	−3,	3)	4.For	each	list	of	polynomials	in
P3	(R),	determine	whether	the	first	poly-	nomial	can	be	expressed	as	a	linear	combination	of	the	other	two.	(a)	(b)	(c)	(d)	(e)	(f	)	x3	−	3x	+	5,	x3	+	2x2	−	x	+	1,	x3	+	3x2	−	1	4x3	+	2x2	−	6,	x3	−	2x2	+	4x	+	1,	3x3	−	6x2	+	x	+	4	−2x3	−	11x2	+	3x	+	2,	x3	−	2x2	+	3x	−	1,	2x3	+	x2	+	3x	−	2	x3	+	x2	+	2x	+	13,	2x3	−	3x2	+	4x	+	1,	x3	−	x2	+	2x	+	3	x3	−	8x2
+	4x,	x3	−	2x2	+	3x	−	1,	x3	−	2x	+	3	6x3	−	3x2	+	x	+	2,	x3	−	x2	+	2x	+	3,	2x3	−	3x	+	1	34	Chap.	1	Vector	Spaces	5.	In	each	part,	determine	whether	the	given	vector	is	in	the	span	of	S.	(a)	(2,	−1,	1),	S	=	{(1,	0,	2),	(−1,	1,	1)}	(b)	(−1,	2,	1),	S	=	{(1,	0,	2),	(−1,	1,	1)}	(c)	(−1,	1,	1,	2),	S	=	{(1,	0,	1,	−1),	(0,	1,	1,	1)}	(d)	(2,	−1,	1,	−3),	S	=	{(1,	0,	1,	−1),	(0,
1,	1,	1)}	(e)	−x3	+	2x2	+	3x	+	3,	S	=	{x3	+	x2	+	x	+	1,	x2	+	x	+	1,	x	+	1}	(f	)	2x3	−	x2	+	x	+	3,	S	=	{x3	+	x2	+	x	+	1,	x2	+	x	+	1,	x	+	1}						1	2	1	0	0	1	1	1	(g)	,	S	=	,	,	−3	4	−1	0	0	1	0	0						1	0	1	0	0	1	1	1	(h)	,	S	=	,	,	0	1	−1	0	0	1	0	0	6.7.8.Show	that	the	vectors	(1,	1,	0),	(1,	0,	1),	and	(0,	1,	1)	generate	F3	.	In	Fn	,	let	ej	denote	the	vector	whose	jth
coordinate	is	1	and	whose	other	coordinates	are	0.	Prove	that	{e1	,	e2,	.	.	.	,	en}	generates	Fn	.	Show	that	Pn	(F	)	is	generated	by	{1,	x,	.	.	.	,	xn	}.	9.	Show	that	the	matrices					1	0	0	1	0	0	0	0	,	,	,	and	0	0	0	0	1	0	0	1	generate	M2×2	(F	).	10.	Show	that	if				1	0	0	0	0	1	M1	=	,	M2	=	,	and	M3	=	,	0	0	0	1	1	0	then	the	span	of	{M1	,	M2	,	M3	}	is	the	set	of	all
symmetric	2×2	matrices.	11.	†	Prove	that	span({x})	=	{ax	:	a	∈	F	}	for	any	vector	x	in	a	vector	space.	Interpret	this	result	geometrically	in	R3	.	12.Show	that	a	subset	W	of	a	vector	space	V	is	a	subspace	of	V	if	and	only	if	span(W)	=	W.	13.	†	Show	that	if	S1	and	S2	are	subsets	of	a	vector	space	V	such	that	S1	⊆	S2	,	then	span(S1	)	⊆	span(S2	).	In
particular,	if	S1	⊆	S2	and	span(S1	)	=	V,	deduce	that	span(S2	)	=	V.	14.Show	that	if	S1	and	S2	are	arbitrary	subsets	of	a	vector	space	V,	then	span(S1	∪S2	)	=	span(S1	)+span(S2	).	(The	sum	of	two	subsets	is	defined	in	the	exercises	of	Section	1.3.)	Sec.	1.5	Linear	Dependence	and	Linear	Independence	35	15.Let	S1	and	S2	be	subsets	of	a	vector	space	V.
Prove	that	span(S1	∩S2	)	⊆	span(S1	)	∩	span(S2	).	Give	an	example	in	which	span(S1	∩	S2	)	and	span(S1	)	∩	span(S2	)	are	equal	and	one	in	which	they	are	unequal.	16.Let	V	be	a	vector	space	and	S	a	subset	of	V	with	the	property	that	whenever	v1	,	v2	,	.	.	.	,	vn	∈	S	and	a1	v1	+	a2	v2	+	·	·	·	+	an	vn	=	0	,	then	a1	=	a2	=	·	·	·	=	an	=	0.	Prove	that	every
vector	in	the	span	of	S	can	be	uniquely	written	as	a	linear	combination	of	vectors	of	S.	17.Let	W	be	a	subspace	of	a	vector	space	V.	Under	what	conditions	are	there	only	a	finite	number	of	distinct	subsets	S	of	W	such	that	S	gen-	erates	W?	EXERCISES	1.	Label	the	following	statements	as	true	or	false.	(a)	If	S	is	a	linearly	dependent	set,	then	each	vector
in	S	is	a	linear	combination	of	other	vectors	in	S.	(b)	Any	set	containing	the	zero	vector	is	linearly	dependent.	(c)	The	empty	set	is	linearly	dependent.	(d)	Subsets	of	linearly	dependent	sets	are	linearly	dependent.	(e)	Subsets	of	linearly	independent	sets	are	linearly	independent.	(f	)	If	a1	x1	+	a2	x2	+	·	·	·	+	an	xn	=	0	and	x1	,	x2	,	.	.	.	,	xn	are	linearly
independent,	then	all	the	scalars	ai	are	zero.	2.	3	Determine	whether	the	following	sets	are	linearly	dependent	or	linearly	independent.				1	−3	−2	6	(a)	,	in	M2×2	(R)	−2	4	4	−8				1	−2	−1	1	(b)	,	in	M2×2	(R)	−1	4	2	−4	(c)	{x3	+	2x2	,	−x2	+	3x	+	1,	x3	−	x2	+	2x	−	1}	in	P3	(R)	3The	computations	in	Exercise	2(g),	(h),	(i),	and	(j)	are	tedious	unless
technology	is	used.	Sec.	1.5	Linear	Dependence	and	Linear	Independence	41	(d)	{x3	−	x,	2x2	+	4,	−2x3	+	3x2	+	2x	+	6}	in	P3	(R)	(e)	{(1,	−1,	2),	(1,	−2,	1),	(1,	1,	4)}	in	R3	(f	)	{(1,	−1,	2),	(2,	0,	1),	(−1,	2,	−1)}	in	R3						1	0	0	−1	−1	2	2	1	(g)	,	,	,	in	M2×2	(R)	−2	1	1	1	1	0	−4	4						1	0	0	−1	−1	2	2	1	(h)	,	,	,	in	M2×2	(R)	−2	1	1	1	1	0	2	−2	(i)(j){x4	−	x3	+	5x2
−	8x	+	6,	−x4	+	x3	−	5x2	+	5x	−	3,	x4	+	3x2	−	3x	+	5,	2x4	+	3x3	+	4x2	−	x	+	1,	x	3	−	x	+	2}	in	P4	(R)	{x4	−	x3	+	5x2	−	8x	+	6,	−x4	+	x3	−	5x2	+	5x	−	3,	x4	+	3x2	−	3x	+	5,	2x4	+	x3	+	4x2	+	8x}	in	P4	(R)	3.	In	M2×3	(F	),	prove	that	the	set	⎧⎛	⎞	⎛	⎞	⎛	⎞	⎛	⎞	⎛	⎞⎫	⎨	1	1	0	0	0	0	1	0	0	1	⎬	⎝0	0⎠	,	⎝1	1⎠	,	⎝0	0⎠	,	⎝1	0⎠	,	⎝0	1⎠	⎩	⎭	0	0	0	0	1	1	1	0	0	1	4.5.6.is
linearly	dependent.	In	Fn	,	let	ej	denote	the	vector	whose	jth	coordinate	is	1	and	whose	other	coordinates	are	0.	Prove	that	{e1	,	e2	,	·	·	·	,	en	}	is	linearly	independent.	Show	that	the	set	{1,	x,	x2	,	.	.	.	,	xn	}	is	linearly	independent	in	Pn	(F	).	In	Mm×n	(F	),	let	E	ij	denote	the	matrix	whose	only	nonzero	entry	is	1	in	the	ith	row	and	jth	column.	Prove	that	{E
ij	:	1	≤	i	≤	m,	1	≤	j	≤	n}	is	linearly	independent.	7.Recall	from	Example	3	in	Section	1.3	that	the	set	of	diagonal	matrices	in	M2×2	(F	)	is	a	subspace.	Find	a	linearly	independent	set	that	generates	this	subspace.	8.	Let	S	=	{(1,	1,	0),	(1,	0,	1),	(0,	1,	1)}	be	a	subset	of	the	vector	space	F3	.	(a)	Prove	that	if	F	=	R,	then	S	is	linearly	independent.	(b)	Prove	that
if	F	has	characteristic	2,	then	S	is	linearly	dependent.	9.	†	Let	u	and	v	be	distinct	vectors	in	a	vector	space	V.	Show	that	{u,	v}	is	linearly	dependent	if	and	only	if	u	or	v	is	a	multiple	of	the	other.	10.	Give	an	example	of	three	linearly	dependent	vectors	in	R3	such	that	none	of	the	three	is	a	multiple	of	another.	42	Chap.	1	Vector	Spaces	11.Let	S	=	{u1	,	u2	,



.	.	.	,	un	}	be	a	linearly	independent	subset	of	a	vector	space	V	over	the	field	Z2	.	How	many	vectors	are	there	in	span(S)?	Justify	your	answer.	12.	Prove	Theorem	1.6	and	its	corollary.	13.Let	V	be	a	vector	space	over	a	field	of	characteristic	not	equal	to	two.	(a)	Let	u	and	v	be	distinct	vectors	in	V.	Prove	that	{u,	v}	is	linearly	independent	if	and	only	if	{u	+
v,	u	−	v}	is	linearly	independent.	(b)	Let	u,	v,	and	w	be	distinct	vectors	in	V.	Prove	that	{u,	v,	w}	is	linearly	independent	if	and	only	if	{u	+	v,	u	+	w,	v	+	w}	is	linearly	independent.	14.15.Prove	that	a	set	S	is	linearly	dependent	if	and	only	if	S	=	{0	}	or	there	exist	distinct	vectors	v,	u1	,	u2	,	.	.	.	,	un	in	S	such	that	v	is	a	linear	combination	of	u1	,	u2	,	.	.	.	,
un	.	Let	S	=	{u1	,	u2	,	.	.	.	,	un	}	be	a	finite	set	of	vectors.	Prove	that	S	is	linearly	dependent	if	and	only	if	u1	=	0	or	uk+1	∈	span({u1	,	u2	,	.	.	.	,	uk	})	for	some	k	(1	≤	k	<	n).	16.Prove	that	a	set	S	of	vectors	is	linearly	independent	if	and	only	if	each	finite	subset	of	S	is	linearly	independent.	17.Let	M	be	a	square	upper	triangular	matrix	(as	defined	in
Exercise	12	of	Section	1.3)	with	nonzero	diagonal	entries.	Prove	that	the	columns	of	M	are	linearly	independent.	18.19.20.Let	S	be	a	set	of	nonzero	polynomials	in	P(F	)	such	that	no	two	have	the	same	degree.	Prove	that	S	is	linearly	independent.	Prove	that	if	{A1	,	A2	,	.	.	.	,	Ak	}	is	a	linearly	independent	subset	of	Mn×n	(F	),	then	{At	1	,	At	2	,	.	.	.	,	Atk	}
is	also	linearly	independent.	Let	f,	g,	∈	F(R,	R)	be	the	functions	defined	by	f	(t)	=	ert	and	g(t)	=	est	,	where	r	=	s.	Prove	that	f	and	g	are	linearly	independent	in	F(R,	R).	1.Label	the	following	statements	as	true	or	false.	(a)	The	zero	vector	space	has	no	basis.	(b)	Every	vector	space	that	is	generated	by	a	finite	set	has	a	basis.	(c)	Every	vector	space	has	a
finite	basis.	(d)	A	vector	space	cannot	have	more	than	one	basis.	54	Chap.	1	Vector	Spaces	(e)	If	a	vector	space	has	a	finite	basis,	then	the	number	of	vectors	in	every	basis	is	the	same.	(f	)	The	dimension	of	Pn	(F	)	is	n.	(g)	The	dimension	of	Mm×n	(F	)	is	m	+	n.	(h)	Suppose	that	V	is	a	finite-dimensional	vector	space,	that	S1	is	a	linearly	independent	subset
of	V,	and	that	S2	is	a	subset	of	V	that	generates	V.	Then	S1	cannot	contain	more	vectors	than	S2	.	(i)	If	S	generates	the	vector	space	V,	then	every	vector	in	V	can	be	written	as	a	linear	combination	of	vectors	in	S	in	only	one	way.	(j)	Every	subspace	of	a	finite-dimensional	space	is	finite-dimensional.	(k)	If	V	is	a	vector	space	having	dimension	n,	then	V	has
exactly	one	subspace	with	dimension	0	and	exactly	one	subspace	with	dimen-	sion	n.	(l)	If	V	is	a	vector	space	having	dimension	n,	and	if	S	is	a	subset	of	V	with	n	vectors,	then	S	is	linearly	independent	if	and	only	if	S	spans	V.	2.	Determine	which	of	the	following	sets	are	bases	for	R3	.	(a)	(b)	(c)	(d)	(e)	{(1,	0,	−1),	(2,	5,	1),	(0,	−4,	3)}	{(2,	−4,	1),	(0,	3,	−1),
(6,	0,	−1)}	{(1,	2,	−1),	(1,	0,	2),	(2,	1,	1)}	{(−1,	3,	1),	(2,	−4,	−3),	(−3,	8,	2)}	{(1,	−3,	−2),	(−3,	1,	3),	(−2,	−10,	−2)}	3.Determine	which	of	the	following	sets	are	bases	for	P2	(R).	(a)	(b)	(c)	(d)	(e)	{−1	−	x	+	2x2	,	2	+	x	−	2x2	,	1	−	2x	+	4x2	}	{1	+	2x	+	x2,	3	+	x2	,	x	+	x2	}	{1	−	2x	−	2x2	,	−2	+	3x	−	x	2	,	1	−	x	+	6x2	}	{−1	+	2x	+	4x2	,	3	−	4x	−	10x2	,
−2	−	5x	−	6x2	}	{1	+	2x	−	x2,	4	−	2x	+	x2	,	−1	+	18x	−	9x2	}	4.Do	the	polynomials	x3	−2x2	+1,	4x2	−x+3,	and	3x−2	generate	P3	(R)?	Justify	your	answer.	5.Is	{(1,	4,	−6),	(1,	5,	8),	(2,	1,	1),	(0,	1,	0)}	a	linearly	independent	subset	of	R3	?	Justify	your	answer.	6.	Give	three	different	bases	for	F2	and	for	M2×2	(F	).	7.The	vectors	u1	=	(2,	−3,	1),	u2	=	(1,	4,
−2),	u3	=	(−8,	12,	−4),	u4	=	(1,	37,	−17),	and	u5	=	(−3,	−5,	8)	generate	R3.	Find	a	subset	of	the	set	{u1	,	u2	,	u3,	u4	,	u5	}	that	is	a	basis	for	R3	.	Sec.8.1.6	9.10.11.12.13.14.Bases	and	Dimension	55	Let	W	denote	the	subspace	of	R5	consisting	of	all	the	vectors	having	coordinates	that	sum	to	zero.	The	vectors	u1	=	(2,	−3,	4,	−5,	2),	u2	=	(−6,	9,	−12,	15,
−6),	u3	=	(3,	−2,	7,	−9,	1),	u4	=	(2,	−8,	2,	−2,	6),	u5	=	(−1,	1,	2,	1,	−3),	u6	=	(0,	−3,	−18,	9,	12),	u7	=	(1,	0,	−2,	3,	−2),	u8	=	(2,	−1,	1,	−9,	7)	generate	W.	Find	a	subset	of	the	set	{u1	,	u2	,	.	.	.	,	u8	}	that	is	a	basis	for	W.	The	vectors	u1	=	(1,	1,	1,	1),	u2	=	(0,	1,	1,	1),	u3	=	(0,	0,	1,	1),	and	u4	=	(0,	0,	0,	1)	form	a	basis	for	F4	.	Find	the	unique
representation	of	an	arbitrary	vector	(a1	,	a2	,	a3	,	a4	)	in	F4	as	a	linear	combination	of	u1	,	u2	,	u3	,	and	u4	.	In	each	part,	use	the	Lagrange	interpolation	formula	to	construct	the	polynomial	of	smallest	degree	whose	graph	contains	the	following	points.	(a)	(−2,	−6),	(−1,	5),	(1,	3)	(b)	(−4,	24),	(1,	9),	(3,	3)	(c)	(−2,	3),	(−1,	−6),	(1,	0),	(3,	−2)	(d)	(−3,	−30),
(−2,	7),	(0,	15),	(1,	10)	Let	u	and	v	be	distinct	vectors	of	a	vector	space	V.	Show	that	if	{u,	v}	is	a	basis	for	V	and	a	and	b	are	nonzero	scalars,	then	both	{u	+	v,	au}	and	{au,	bv}	are	also	bases	for	V.	Let	u,	v,	and	w	be	distinct	vectors	of	a	vector	space	V.	Show	that	if	{u,	v,	w}	is	a	basis	for	V,	then	{u	+	v	+	w,	v	+	w,	w}	is	also	a	basis	for	V.	The	set	of
solutions	to	the	system	of	linear	equations	x1	−	2x2	+	x3	=	0	2x1	−	3x2	+	x3	=	0	is	a	subspace	of	R3	.	Find	a	basis	for	this	subspace.	Find	bases	for	the	following	subspaces	of	F5	:	W1	=	{(a1	,	a2	,	a3	,	a4	,	a5	)	∈	F5	:	a1	−	a3	−	a4	=	0}	and	W2	=	{(a1	,	a2	,	a	3	,	a4	,	a5	)	∈	F5	:	a2	=	a3	=	a4	and	a1	+	a5	=	0}.	What	are	the	dimensions	of	W1	and	W2	?	56
Chap.	1	Vector	Spaces	15.The	set	of	all	n	×	n	matrices	having	trace	equal	to	zero	is	a	subspace	W	of	Mn×n	(F	)	(see	Example	4	of	Section	1.3).	Find	a	basis	for	W.	What	is	the	dimension	of	W?	16.	The	set	of	all	upper	triangular	n	×	n	matrices	is	a	subspace	W	of	Mn×n	(F	)	(see	Exercise	12	of	Section	1.3).	Find	a	basis	for	W.	What	is	the	dimension	of	W?
17.	The	set	of	all	skew-symmetric	n	×	n	matrices	is	a	subspace	W	of	Mn×n	(F	)	(see	Exercise	28	of	Section	1.3).	Find	a	basis	for	W.	What	is	the	dimension	of	W?	18.Find	a	basis	for	the	vector	space	in	Example	5	of	Section	1.2.	Justify	your	answer.	19.	Complete	the	proof	of	Theorem	1.8.	20.	†	Let	V	be	a	vector	space	having	dimension	n,	and	let	S	be	a
subset	of	V	that	generates	V.	(a)	Prove	that	there	is	a	subset	of	S	that	is	a	basis	for	V.	(Be	careful	not	to	assume	that	S	is	finite.)	(b)	Prove	that	S	contains	at	least	n	vectors.	21.Prove	that	a	vector	space	is	infinite-dimensional	if	and	only	if	it	contains	an	infinite	linearly	independent	subset.	22.Let	W1	and	W2	be	subspaces	of	a	finite-dimensional	vector
space	V.	Determine	necessary	and	sufficient	conditions	on	W1	and	W2	so	that	dim(W1	∩	W2	)	=	dim(W1	).	23.Let	v1	,	v2	,	.	.	.	,	vk	,	v	be	vectors	in	a	vector	space	V,	and	define	W1	=	span({v1	,	v2	,	.	.	.	,	vk	}),	and	W2	=	span({v1	,	v2,	.	.	.	,	vk	,	v}).	(a)(b)Find	necessary	and	sufficient	conditions	on	v	such	that	dim(W1	)	=	dim(W2	).	State	and	prove	a
relationship	involving	dim(W1	)	and	dim(W2	)	in	the	case	that	dim(W1	)	=	dim(W2	).	24.Let	f	(x)	be	a	polynomial	of	degree	n	in	Pn(R).	Prove	that	for	any	g(x)	∈	Pn	(R)	there	exist	scalars	c0	,	c1	,	.	.	.	,	cn	such	that	g(x)	=	c0	f	(x)	+	c1	f		(x)	+	c2	f		(x)	+	·	·	·	+	cn	f	(n)	(x),	where	f	(n)	(x)	denotes	the	nth	derivative	of	f	(x).	25.	Let	V,	W,	and	Z	be	as	in	Exercise
21	of	Section	1.2.	If	V	and	W	are	vector	spaces	over	F	of	dimensions	m	and	n,	determine	the	dimension	of	Z.	Sec.	1.6	Bases	and	Dimension	57	26.For	a	fixed	a	∈	R,	determine	the	dimension	of	the	subspace	of	Pn	(R)	defined	by	{f	∈	Pn	(R)	:	f	(a)	=	0}.	27.Let	W1	and	W2	be	the	subspaces	of	P(F	)	defined	in	Exercise	25	in	Section	1.3.	Determine	the
dimensions	of	the	subspaces	W1	∩	Pn	(F	)	and	W2	∩	Pn	(F	).	28.Let	V	be	a	finite-dimensional	vector	space	over	C	with	dimension	n.	Prove	that	if	V	is	now	regarded	as	a	vector	space	over	R,	then	dim	V	=	2n.	(See	Examples	11	and	12.)	Exercises	29–34	require	knowledge	of	the	sum	and	direct	sum	of	subspaces,	as	defined	in	the	exercises	of	Section	1.3.
29.(a)(b)Prove	that	if	W1	and	W2	are	finite-dimensional	subspaces	of	a	vector	space	V,	then	the	subspace	W1	+	W2	is	finite-dimensional,	and	dim(W1	+	W2	)	=	dim(W1)	+	dim(W2	)	−	dim(W1	∩	W2	).	Hint:	Start	with	a	basis	{u1	,	u2	,	.	.	.	,	uk	}	for	W1	∩	W2	and	extend	this	set	to	a	basis	{u1	,	u2	,	.	.	.	,	uk	,	v1	,	v2	,	.	.	.	vm	}	for	W	1	and	to	a	basis	{u1	,	u2
,	.	.	.	,	uk	,	w1	,	w2	,	.	.	.	wp	}	for	W2	.	Let	W1	and	W2	be	finite-dimensional	subspaces	of	a	vector	space	V,	and	let	V	=	W1	+	W2	.	Deduce	that	V	is	the	direct	sum	of	W1	and	W2	if	and	only	if	dim(V)	=	dim(W1	)	+	dim(W2	).	30.	Let	V	=	M2×2(F	),	W1=		a	c	b	a		∈	V	:	a,	b,	c	∈	F	,	and	W2=		0−aa	b		∈	V	:	a,	b	∈	F	.	Prove	that	W1	and	W2	are	subspaces	of	V,
and	find	the	dimensions	of	W1	,	W2	,	W1	+	W2	,	and	W1	∩	W2	.	31.Let	W1	and	W2	be	subspaces	of	a	vector	space	V	having	dimensions	m	and	n,	respectively,	where	m	≥	n.	(a)	Prove	that	dim(W1	∩	W2	)	≤	n.	(b)	Prove	that	dim(W1	+	W2	)	≤	m	+	n.	32.(a)(b)Find	an	example	of	subspaces	W1	and	W2	of	R3	with	dimensions	m	and	n,	where	m	>	n	>	0,	such
that	dim(W1	∩	W2	)	=	n.	Find	an	example	of	subspaces	W1	and	W2	of	R3	with	dimensions	m	and	n,	where	m	>	n	>	0,	such	that	dim(W1	+	W2	)	=	m	+	n.	58	Chap.	1	Vector	Spaces	(c)Find	an	example	of	subspaces	W1	and	W2	of	R3	with	dimensions	m	and	n,	where	m	≥	n,	such	that	both	dim(W1	∩	W2	)	<	n	and	dim(W1	+	W2	)	<	m	+	n.	33.(a)(b)Let	W1
and	W2	be	subspaces	of	a	vector	space	V	such	that	V	=	W1	⊕W2	.	If	β1	and	β2	are	bases	for	W1	and	W2	,	respectively,	show	that	β1	∩	β2	=	∅	and	β1	∪	β2	is	a	basis	for	V.	Conversely,	let	β1	and	β2	be	disjoint	bases	for	subspaces	W1	and	W2	,	respectively,	of	a	vector	space	V.	Prove	that	if	β1	∪	β2	is	a	basis	for	V,	then	V	=	W1	⊕	W2	.	34.	(a)	Prove	that	if
W1	is	any	subspace	of	a	finite-dimensional	vector	space	V,	then	there	exists	a	subspace	W2	of	V	such	that	V	=	W1	⊕	W2	.	(b)	Let	V	=	R2	and	W1	=	{(a1	,	0)	:	a1	∈	R}.	Give	examples	of	two	different	subspaces	W2	and	W2		such	that	V	=	W1	⊕	W2	and	V	=	W1	⊕	W2		.	The	following	exercise	requires	familiarity	with	Exercise	31	of	Section	1.3.	35.Let	W	be	a
subspace	of	a	finite-dimensional	vector	space	V,	and	consider	the	basis	{u1	,	u2	,	.	.	.	,	uk	}	for	W.	Let	{u1	,	u2	,	.	.	.	,	uk	,	uk+1	,	.	.	.	,	un	}	be	an	extension	of	this	basis	to	a	basis	for	V.	(a)(b)Prove	that	{uk+1	+	W,	uk+2	+	W,	.	.	.	,	un	+	W}	is	a	basis	for	V/W.	Derive	a	formula	relating	dim(V),	dim(W),	and	dim(V/W).	1.	Label	the	following	statements	as
true	or	false.	(a)	Every	family	of	sets	contains	a	maximal	element.	(b)	Every	chain	contains	a	maximal	element.	(c)	If	a	family	of	sets	has	a	maximal	element,	then	that	maximal	element	is	unique.	(d)	If	a	chain	of	sets	has	a	maximal	element,	then	that	maximal	ele-	ment	is	unique.	(e)	A	basis	for	a	vector	space	is	a	maximal	linearly	independent	subset	of
that	vector	space.	(f	)	A	maximal	linearly	independent	subset	of	a	vector	space	is	a	basis	for	that	vector	space.	2.	Show	that	the	set	of	convergent	sequences	is	an	infinite-dimensional	subspace	of	the	vector	space	of	all	sequences	of	real	numbers.	(See	Exercise	21	in	Section	1.3.)	3.	Let	V	be	the	set	of	real	numbers	regarded	as	a	vector	space	over	the	field
of	rational	numbers.	Prove	that	V	is	infinite-dimensional.	Hint:	62	Chap.	1	Vector	Spaces	Use	the	fact	that	π	is	transcendental,	that	is,	π	is	not	a	zero	of	any	polynomial	with	rational	coefficients.	4.Let	W	be	a	subspace	of	a	(not	necessarily	finite-dimensional)	vector	space	V.	Prove	that	any	basis	for	W	is	a	subset	of	a	basis	for	V.	5.Prove	the	following
infinite-dimensional	version	of	Theorem	1.8	(p.	43):	Let	β	be	a	subset	of	an	infinite-dimensional	vector	space	V.	Then	β	is	a	basis	for	V	if	and	only	if	for	each	nonzero	vector	v	in	V,	there	exist	unique	vectors	u1	,	u2	,	.	.	.	,	un	in	β	and	unique	nonzero	scalars	c1	,	c2	,	.	.	.	,	cn	such	that	v	=	c1	u1	+	c2	u2	+	·	·	·	+	cn	un	.	6.Prove	the	following	generalization	of
Theorem	1.9	(p.	44):	Let	S1	and	S2	be	subsets	of	a	vector	space	V	such	that	S1	⊆	S2	.	If	S1	is	linearly	independent	and	S2	generates	V,	then	there	exists	a	basis	β	for	V	such	that	S1	⊆	β	⊆	S2	.	Hint:	Apply	the	maximal	principle	to	the	family	of	all	linearly	independent	subsets	of	S2	that	contain	S1	,	and	proceed	as	in	the	proof	of	Theorem	1.13.	7.	Prove	the
following	generalization	of	the	replacement	theorem.	Let	β	be	a	basis	for	a	vector	space	V,	and	let	S	be	a	linearly	independent	subset	of	V.	There	exists	a	subset	S1	of	β	such	that	S	∪	S1	is	a	basis	for	V.	Solutions	to	Linear	Algebra,	Stephen	H.	Friedberg,	Fourth	Edition	(Chapter	6)		(0)	2019.06.15	Solutions	to	Linear	Algebra,	Stephen	H.	Friedberg,	Fourth
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2017	(	)		–		Code	Festival		–	ACPC-ICPC			9		-					(	)		–	HDCON	(		)		-					(	)		–				(	)	10	11		-					(	)		–				(	)	12					(0)	2019.06.15	Page	5I'm	introducing	fine	Korean	restaurants/places	where	actual	local	Koreans	usually	go,	not	just	tourist-targeted	restaurants.	Brief	Review	:	-	Name	:	,	Nol-Bu-Tong-Dark	-	Summary	:	It's	a	bar,	camouflaged	with	fried	chicken
restaurant.	Chicken	is	a	rip-off.	Seriously,	they	fry	bones(no	meat)	and	try	to	sell	it	with	a	price	of	other	restaurants.	Please,	don't	go	there.	It's	a	rip-off.	I'd	rather	go	to	some	franchise	fried	chicken	restaurants.	-	Prices	:	9~	$	-	Taste	:		2.5	/	5	-	Recommendation/How	to	order	:	Don't	order	anything.	Get	out!	I	added	one	near	SNU,	and	the	other	in
Gangnam.	Now	come	to	think	of	it,	I	regret	taking	so	many	pictures	of	the	menu	plate,	since	I'm	never	gonna	visit	this	place	again...	Since	I	can	get	a	discount	with	takeout,	I	brought	the	chicken	to	my	apartment.	Small,	comfy,	and	smelly	yet	sweet	home..	It	doesn't	look	bad,	but	don't	fooled	by	its	looks!	No	meat.	I	think	75%	of	total	amount	of	chicken
consists	of	bones.	I'm	serious.	Chickens	from	CV	would	be	better	than	this.	Recommendable	restaurants	:	Find	more	at	the	bottom	section!	It	would	be	very	much	appreciated	if	you	share	my	post	if	it	was	helpful	:)	:	Searck	Keywords:	Fine	Korean	Restaurant,	Fine	Korean	restaurants	in	seoul,	Best	Korean	Restaurants,	Best	Korean	restaurants	in	seoul,
Best	Korean	Restaurants	in	Seoul,	Best	restaurants	in	Korea,	Best	Korean	dining	in	Seoul,	Best	Korean	dining	in	Korea,Fine	SNU	Korean	Restaurant,	Fine	Korean	restaurants	in	SNU,	Best	Korean	Restaurants	near	SNU,	Best	Korean	restaurants	in	SNU,	Best	Korean	Restaurants	in	SNU,	Best	restaurants	in	SNU,	Best	Korean	dining	in	SNU,	Best	Korean
dining	in	SNU,	Best	SNU	restaurants,Fine	Korean	Restaurant,	Fine	Korean	restaurants	in	seoul,	Best	Korean	Restaurants,	Best	Korean	restaurants	in	seoul,	Best	Korean	Restaurants	in	Seoul,	Best	restaurants	in	Korea,	Best	Korean	dining	in	Seoul,	Best	Korean	dining	in	Korea,Fine	SNU	Korean	Restaurant,	Fine	Korean	restaurants	in	SNU,	Best	Korean
Restaurants	near	SNU,	Best	Korean	restaurants	in	SNU,	Best	Korean	Restaurants	in	SNU,	Best	restaurants	in	SNU,	Best	Korean	dining	in	SNU,	Best	Korean	dining	in	Itaewon,	Best	SNU	restaurants,	[Seoul,	Jongno,	Gangnam]	Tacos!	Dos	Tacos!	(Dos	Tacos,	)		(0)	2019.06.17	[Seoul,	Gangnam,	SNU]	A	Rip-off	Fried	Chicken	You	Should	Avoid!	Near	SNU,
In	Gangnam.	(,	Nol-Bu-Tong-Dark)		(0)	2019.06.11	[Seoul,	SNU]	Best	Japanese	Ramen	near	SNU!	(,	Lailaiken)		(0)	2019.06.10	[Seoul,	Franchise]	Lotteria	:	Burger	Franchise	you	should	avoid!		(0)	2019.06.09	[Seoul,	Sinchon/Hongdae]	Fine	beer	bar	near	Sinchon!	Chicken	is	reasonalble	;D	(,	Chil-Chil-Kentucky)		(0)	2019.06.01	[Seoul,	Hanyang	Univ]
Udon	(noodle)	near	Hanyang	University!	(가,	Udon-Gazoku)		(0)	2019.06.01	Page	6..					..			..	~	.							Junk	food				,						.	Thank	you	Alihan!					...		?	.			?		:		,		,	,	,	,	Bulgar(		),		Bulgar					.	,				,			.			.	,		(+++)			.	Bulgar				,		.	..					?	Page	7I'm	introducing	fine	Korean	restaurants/places	where	actual	local	Koreans	usually	go,	not	just	tourist-targeted	restaurants.
Outside	view	Brief	Review	:	-	Name	:	(Lailaiken)	-	Summary	:	Best	Japanese	ramen	restaurant	near	SNU!	Well,	there	are	several	Japaese	ramen	restaurants	near	SNU,	And	since	I	really	love	ramen,	I	payed	visit	to	almost	every	places.	But	this	place	is	second-to-none	around	SNU	as	far	as	know.	Its	specialty	is	thicker	than	others.	You'll	quickly	notice	the
ramen	of	other	places	are	watery	after	you	eat	anything	in	this	restaurant.	-	Prices	:	7~9$	-	Taste	:		4.5	/	5	-	Recommendation/How	to	order	:	You	can	use	kisok	:)	These	are	the	menus	listed	on	kiosk.	You'll	not	regret	choosing	any	menu	from	above.	'辛'	word	at	the	front	means	It's	spicy.	This	is	'辛		',	spicy	version	of	ramen,	at	the	left	bottom	in	the	menu
plate.	And	this	is	'辛		',	the	basics	of	Japanese	ramen,	but	spiced	version.	The	noodle	is	less	thicker	than	the	one	before.	It	is	located	in	left	top	in	the	menu	plate.	This	is	'',	spicy	mixed	noodles	without	soup!	Mix	the	ingredients	to	the	fullest.	It's	at	the	right	top	in	the	menu	plate!	This	place	is	neat	and	waiter	is	professional.	Above	all	else,	they	serve	best
Japanese	ramen	near	SNU!	Recommendable	restaurants	:	Find	more	at	the	bottom	section!	It	would	be	very	much	appreciated	if	you	share	my	post	if	it	was	helpful	:)	:	Searck	Keywords:	Fine	Korean	Restaurant,	Fine	Korean	restaurants	in	seoul,	Best	Korean	Restaurants,	Best	Korean	restaurants	in	seoul,	Best	Korean	Restaurants	in	Seoul,	Best
restaurants	in	Korea,	Best	Korean	dining	in	Seoul,	Best	Korean	dining	in	Korea,Fine	SNU	Korean	Restaurant,	Fine	Korean	restaurants	in	SNU,	Best	Korean	Restaurants	near	SNU,	Best	Korean	restaurants	in	SNU,	Best	Korean	Restaurants	in	SNU,	Best	restaurants	in	SNU,	Best	Korean	dining	in	SNU,	Best	Korean	dining	in	SNU,	Best	SNU
restaurants,Fine	Korean	Restaurant,	Fine	Korean	restaurants	in	seoul,	Best	Korean	Restaurants,	Best	Korean	restaurants	in	seoul,	Best	Korean	Restaurants	in	Seoul,	Best	restaurants	in	Korea,	Best	Korean	dining	in	Seoul,	Best	Korean	dining	in	Korea,Fine	SNU	Korean	Restaurant,	Fine	Korean	restaurants	in	SNU,	Best	Korean	Restaurants	near	SNU,
Best	Korean	restaurants	in	SNU,	Best	Korean	Restaurants	in	SNU,	Best	restaurants	in	SNU,	Best	Korean	dining	in	SNU,	Best	Korean	dining	in	Itaewon,	Best	SNU	restaurants,	[Seoul,	Jongno,	Gangnam]	Tacos!	Dos	Tacos!	(Dos	Tacos,	)		(0)	2019.06.17	[Seoul,	Gangnam,	SNU]	A	Rip-off	Fried	Chicken	You	Should	Avoid!	Near	SNU,	In	Gangnam.	(,	Nol-Bu-
Tong-Dark)		(0)	2019.06.11	[Seoul,	SNU]	Best	Japanese	Ramen	near	SNU!	(,	Lailaiken)		(0)	2019.06.10	[Seoul,	Franchise]	Lotteria	:	Burger	Franchise	you	should	avoid!		(0)	2019.06.09	[Seoul,	Sinchon/Hongdae]	Fine	beer	bar	near	Sinchon!	Chicken	is	reasonalble	;D	(,	Chil-Chil-Kentucky)		(0)	2019.06.01	[Seoul,	Hanyang	Univ]	Udon	(noodle)	near
Hanyang	University!	(가,	Udon-Gazoku)		(0)	2019.06.01	Page	8I'm	introducing	fine	Korean	restaurants/places	where	actual	local	Koreans	usually	go,	not	just	tourist-targeted	restaurants.	Brief	Review	:	-	Name	:	Lotteria	()	-	Summary	:	It's	one	of	the	most	famous	fast	food	franchise(mainly	serving	bugers)	in	Korea.	Everytime	I	go	there(which	happens
really	rare),	I	wonder	how	do	they	still	survive	in	this	harsh	and	competing	market.	I	go	there	when	I	don't	have	any	other	options,	and	I	regret	ordering	one	after	single	bite.	That's	how	I	think	of	their	burgers.	But	my	friends	say	"cheese	sticks"	and	"seasoned	potatoes",	so	If	you	have	some	time	left	and	nothing	to	do,	visit	this	place	for	snacks(cheese
sticks,	seasoned	potatoes).	Oh,	btw,	"Bulgogi-burger"	is	a	burger	you	can	only	find	in	Korea.	-	Prices	:	5~$	-	Taste	:		2.5/5	(burger)	3.5/5(cheese	sticks,	seasoned	potatoes)	-	Recommendation/How	to	order	:	You	can	use	kiosk	:)	It's	a	franchise,	so	you	can	find	it	any	place	in	Seoul(also	outside	of	Seoul,	too).	For	your	convenience,	I'll	add	maps	in
MyeongDong.	Overall	view	is	clean	and	neat.	You	can	order	your	foods	with	kiosk.	This	is	Lotteria	Cheese	Stick,	recommendation	1And	this	is	seasoned	potatoes,	recommendation	2	This	is	the	burger	I	ordered,	"double	cheese	burger".	Well,	if	you	want	to	try	low-level	burger	in	Korea,	order	"bulgogi	burger"!	Hehe..	Bulgogi	burger.	Don't	be	fooled	by	its
looks	Recommendable	restaurants	:	Find	more	at	the	bottom	section!	It	would	be	very	much	appreciated	if	you	share	my	post	if	it	was	helpful	:)	:	Searck	Keywords:	Fine	Korean	Restaurant,	Fine	Korean	restaurants	in	seoul,	Best	Korean	Restaurants,	Best	Korean	restaurants	in	seoul,	Best	Korean	Restaurants	in	Seoul,	Best	restaurants	in	Korea,	Best
Korean	dining	in	Seoul,	Best	Korean	dining	in	Korea,Fine	Myeongdong	Korean	Restaurant,	Fine	Korean	restaurants	in	Myeongdong,	Best	Korean	Restaurants	near	Myeongdong,	Best	Korean	restaurants	in	Myeongdong,	Best	Korean	Restaurants	in	Myeongdong,	Best	restaurants	in	Myeongdong,	Best	Korean	dining	in	Myeongdong,	Best	Korean	dining	in
Myeongdong,	Best	Myeongdong	restaurants,Fine	Korean	Restaurant,	Fine	Korean	restaurants	in	seoul,	Best	Korean	Restaurants,	Best	Korean	restaurants	in	seoul,	Best	Korean	Restaurants	in	Seoul,	Best	restaurants	in	Korea,	Best	Korean	dining	in	Seoul,	Best	Korean	dining	in	Korea,Fine	Myeongdong	Korean	Restaurant,	Fine	Korean	restaurants	in
Myeongdong,	Best	Korean	Restaurants	near	Myeongdong,	Best	Korean	restaurants	in	Myeongdong,	Best	Korean	Restaurants	in	Myeongdong,	Best	restaurants	in	Myeongdong,	Best	Korean	dining	in	Myeongdong,	Best	Korean	dining	in	Myeongdong,	Best	Myeongdong	restaurants,	[Seoul,	Gangnam,	SNU]	A	Rip-off	Fried	Chicken	You	Should	Avoid!	Near
SNU,	In	Gangnam.	(,	Nol-Bu-Tong-Dark)		(0)	2019.06.11	[Seoul,	SNU]	Best	Japanese	Ramen	near	SNU!	(,	Lailaiken)		(0)	2019.06.10	[Seoul,	Franchise]	Lotteria	:	Burger	Franchise	you	should	avoid!		(0)	2019.06.09	[Seoul,	Sinchon/Hongdae]	Fine	beer	bar	near	Sinchon!	Chicken	is	reasonalble	;D	(,	Chil-Chil-Kentucky)		(0)	2019.06.01	[Seoul,	Hanyang
Univ]	Udon	(noodle)	near	Hanyang	University!	(가,	Udon-Gazoku)		(0)	2019.06.01	[Seoul,	Hongdae/Sinchon]	Fine	Japanese	Ramen	near	Hongdae/Sinchon,	Gamamarui	Ramen(가	)		(0)	2019.06.01	Page	9I'm	introducing	fine	Korean	restaurants/places	where	actual	local	Koreans	ususally	go,	not	only	tourist-targeted	restaurants.	Brief	Review	:	-	Name	:	
(Chil-Chil-Kentucky),	77	Kentucky	Chicken!	-	Summary	:	Fine	place	to	grab	a	beer	with	Fried	Chicken!	The	price	of	them	are	fairly	reasonable	compared	the	amout	served	:)	-	Prices	:	It	depends	how	much	you	drink..	Show	your	friends	how	far	you	can	go!	-	Taste	:		4/5	-	Recommendation/How	to	order	:	Use	the	menu	plate!	Add	a	location(google	map
script)	with	simple	description!	Popcorn	and	salad	are	served	before	you	order.	Well,	you	can	eat	as	much	as	you	want!	When	someone	says	'egg	comes	before	hen',	I	say	'beer	always	comes	first'.	This	is	"Pa-Dak"(Fried	Chicken	with	sliced	leek).	I	know	it	does	not	look	like	the	other	foods	I	uploaded,	but	It	was	awesome.	Too	much	for	2	people.	I	wrapped
the	leftover.	Crowded,	as	always.	Recommendable	restaurants	:	Find	more	at	the	bottom	section!	It	would	be	very	much	appreciated	if	you	share	my	post	if	it	was	helpful	:)	:	Searck	Keywords:	Fine	Korean	Restaurant,	Fine	Korean	restaurants	in	seoul,	Best	Korean	Restaurants,	Best	Korean	restaurants	in	seoul,	Best	Korean	Restaurants	in	Seoul,	Best
restaurants	in	Korea,	Best	Korean	dining	in	Seoul,	Best	Korean	dining	in	Korea,Fine	Hongdae	Korean	Restaurant,	Fine	Korean	restaurants	in	Hongdae,	Best	Korean	Restaurants	near	Hongdae,	Best	Korean	restaurants	in	Hongdae,	Best	Korean	Restaurants	in	Hongdae,	Best	restaurants	in	Hongdae,	Best	Korean	dining	in	Hongdae,	Best	Korean	dining	in
Hongdae,	Best	Sinchon	restaurants,Fine	Korean	Restaurant,	Fine	Korean	restaurants	in	seoul,	Best	Korean	Restaurants,	Best	Korean	restaurants	in	seoul,	Best	Korean	Restaurants	in	Seoul,	Best	restaurants	in	Korea,	Best	Korean	dining	in	Seoul,	Best	Korean	dining	in	Korea,Fine	Sinchon	Korean	Restaurant,	Fine	Korean	restaurants	in	Sinchon,	Best
Korean	Restaurants	near	Sinchon,	Best	Korean	restaurants	in	Sinchon,	Best	Korean	Restaurants	in	Sinchon,	Best	restaurants	in	Sinchon,	Best	Korean	dining	in	Sinchon,	Best	Korean	dining	in	Sinchon,	Best	Sinchon	restaurants,	[Seoul,	SNU]	Best	Japanese	Ramen	near	SNU!	(,	Lailaiken)		(0)	2019.06.10	[Seoul,	Franchise]	Lotteria	:	Burger	Franchise	you
should	avoid!		(0)	2019.06.09	[Seoul,	Sinchon/Hongdae]	Fine	beer	bar	near	Sinchon!	Chicken	is	reasonalble	;D	(,	Chil-Chil-Kentucky)		(0)	2019.06.01	[Seoul,	Hanyang	Univ]	Udon	(noodle)	near	Hanyang	University!	(가,	Udon-Gazoku)		(0)	2019.06.01	[Seoul,	Hongdae/Sinchon]	Fine	Japanese	Ramen	near	Hongdae/Sinchon,	Gamamarui	Ramen(가	)		(0)
2019.06.01	[Seoul,	Hongdae/Sinchon]	Pork,	pork,	pork!	Pork	Restaurant	near	Hongdae/Sinchon!	(,	Gongbog)		(0)	2019.05.25	Page	10I'm	introducing	fine	Korean	restaurants/places	where	actual	local	Koreans	usually	go,	not	only	tourist-targeted	restaurants.	Brief	Review	:	-	Name	:	가(Udon-Gazoku)	-	Summary	:	Fine	place	to	eat	Udon,	Japanese	tradional
noodle.	The	noodle	is	thick,	yet	soft.	Not	as	greasy	as	Japanese	Ramen!	This	place	has	appeared	in	serveral	TV	shows.	But	I	think	its	reputation	is	a	bit	exaggerated(Just	personal	opinion).	-	Prices	:	5~6$	-	Taste	:		3.5/5	-	Recommendation/How	to	order	:	I	recommend	'Youk	Youk	Udon'(),	udon	topped	with	pork.	It	is	located	near	Hanyang	University	and
Wang-Sip-ni!	As	I	said	above,	this	place	has	appeared	in	several	food	tv	show.	This	place	is	always	crowded	with	people.	To	be	honest,	I	wonder	why.	This	is	the	most	basic	menu	of	this	place,	called	'가'(Ga-Jo-Ku	Udon).	It	was	so-so.	This	is	what	my	friend	ordered,	''(Youk-Youk	Udon).	This	was	way	much	better	than	mine.	Grass	is	always	greener	on	the
other	side.	Recommendable	restaurants	:	Find	more	at	the	bottom	section!	It	would	be	very	much	appreciated	if	you	share	my	post	if	it	was	helpful	:)	:	Searck	Keywords:	Fine	Korean	Restaurant,	Fine	Korean	restaurants	in	seoul,	Best	Korean	Restaurants,	Best	Korean	restaurants	in	seoul,	Best	Korean	Restaurants	in	Seoul,	Best	restaurants	in	Korea,	Best
Korean	dining	in	Seoul,	Best	Korean	dining	in	Korea,Fine	Jamsil	Korean	Restaurant,	Fine	Korean	restaurants	in	Jamsil,	Best	Korean	Restaurants	near	Jamsil,	Best	Korean	restaurants	in	Jamsil,	Best	Korean	Restaurants	in	Jamsil,	Best	restaurants	in	Jamsil,	Best	Korean	dining	in	Jamsil,	Best	Korean	dining	in	Jamsil,	Best	Jamsil	restaurants,Fine	Korean
Restaurant,	Fine	Korean	restaurants	in	seoul,	Best	Korean	Restaurants,	Best	Korean	restaurants	in	seoul,	Best	Korean	Restaurants	in	Seoul,	Best	restaurants	in	Korea,	Best	Korean	dining	in	Seoul,	Best	Korean	dining	in	Korea,Fine	Jamsil	Korean	Restaurant,	Fine	Korean	restaurants	in	Jamsil,	Best	Korean	Restaurants	near	Jamsil,	Best	Korean	restaurants
in	Jamsil,	Best	Korean	Restaurants	in	Jamsil,	Best	restaurants	in	Jamsil,	Best	Korean	dining	in	Jamsil,	Best	Korean	dining	in	Jamsil,	Best	Jamsil	restaurants,	[Seoul,	Franchise]	Lotteria	:	Burger	Franchise	you	should	avoid!		(0)	2019.06.09	[Seoul,	Sinchon/Hongdae]	Fine	beer	bar	near	Sinchon!	Chicken	is	reasonalble	;D	(,	Chil-Chil-Kentucky)		(0)
2019.06.01	[Seoul,	Hanyang	Univ]	Udon	(noodle)	near	Hanyang	University!	(가,	Udon-Gazoku)		(0)	2019.06.01	[Seoul,	Hongdae/Sinchon]	Fine	Japanese	Ramen	near	Hongdae/Sinchon,	Gamamarui	Ramen(가	)		(0)	2019.06.01	[Seoul,	Hongdae/Sinchon]	Pork,	pork,	pork!	Pork	Restaurant	near	Hongdae/Sinchon!	(,	Gongbog)		(0)	2019.05.25	[Seoul,
Hongdae/Sinchon]	Korean-Japanese	Fusion	Restaurant	near	Hongdae/Sinchon!	(	,	Ginza	Ryoko)		(0)	2019.05.25	Page	11I'm	introducing	fine	Korean	restaurants/places	where	actual	local	Koreans	usually	go,	not	only	tourist-targeted	restaurants.	Brief	Review	:	-	Name	:	Gamamarui	Ramen(가		in	Korean)	-	Summary	:	Fine	place	serving	Japanese	Ramen
near	Sinchon!	One	of	the	neat	places	in	Sinchon	serving	Japanese	ramen.	-	Prices	:	7.5~9$	-	Taste	:		4/5	-	Recommendation/How	to	order	:	Use	the	menu	plate	:)	map	This	is	the	most	basic	menu	:	Don-Kotz-Ramen().	You	should	try	this	one	if	you	haven't	had	japanese	ramen.	This	is	spicy	Don-Kotz-Ramen(	).	Here	comes	a	new	challenger..!
Recommendable	restaurants	:	Find	more	at	the	bottom	section!	It	would	be	very	much	appreciated	if	you	share	my	post	if	it	was	helpful	:)	:	Searck	Keywords:	Fine	Korean	Restaurant,	Fine	Korean	restaurants	in	seoul,	Best	Korean	Restaurants,	Best	Korean	restaurants	in	seoul,	Best	Korean	Restaurants	in	Seoul,	Best	restaurants	in	Korea,	Best	Korean
dining	in	Seoul,	Best	Korean	dining	in	Korea,Fine	Hongdae	Korean	Restaurant,	Fine	Korean	restaurants	in	Hongdae,	Best	Korean	Restaurants	near	Hongdae,	Best	Korean	restaurants	in	Hongdae,	Best	Korean	Restaurants	in	Hongdae,	Best	restaurants	in	Hongdae,	Best	Korean	dining	in	Hongdae,	Best	Korean	dining	in	Hongdae,	Best	Sinchon
restaurants,Fine	Korean	Restaurant,	Fine	Korean	restaurants	in	seoul,	Best	Korean	Restaurants,	Best	Korean	restaurants	in	seoul,	Best	Korean	Restaurants	in	Seoul,	Best	restaurants	in	Korea,	Best	Korean	dining	in	Seoul,	Best	Korean	dining	in	Korea,Fine	Sinchon	Korean	Restaurant,	Fine	Korean	restaurants	in	Sinchon,	Best	Korean	Restaurants	near
Sinchon,	Best	Korean	restaurants	in	Sinchon,	Best	Korean	Restaurants	in	Sinchon,	Best	restaurants	in	Sinchon,	Best	Korean	dining	in	Sinchon,	Best	Korean	dining	in	Sinchon,	Best	Sinchon	restaurants,	[Seoul,	Sinchon/Hongdae]	Fine	beer	bar	near	Sinchon!	Chicken	is	reasonalble	;D	(,	Chil-Chil-Kentucky)		(0)	2019.06.01	[Seoul,	Hanyang	Univ]	Udon
(noodle)	near	Hanyang	University!	(가,	Udon-Gazoku)		(0)	2019.06.01	[Seoul,	Hongdae/Sinchon]	Fine	Japanese	Ramen	near	Hongdae/Sinchon,	Gamamarui	Ramen(가	)		(0)	2019.06.01	[Seoul,	Hongdae/Sinchon]	Pork,	pork,	pork!	Pork	Restaurant	near	Hongdae/Sinchon!	(,	Gongbog)		(0)	2019.05.25	[Seoul,	Hongdae/Sinchon]	Korean-Japanese	Fusion
Restaurant	near	Hongdae/Sinchon!	(	,	Ginza	Ryoko)		(0)	2019.05.25	[Seoul,	SNU,	Jamsil]	Fine	All-You-Can-Eat	Pork	Restaurant	near	SNU	and	more!	(,	Moo-Han-Tong-Sam)		(0)	2019.05.22	Page	12I'm	introducing	fine	Korean	restaurants/places	where	actual	local	Koreans	usually	go,	not	only	tourist-targeted	restaurants.	Brief	Review	:	-	Name	:		(Gongbog)
-	Summary	:	Fine	place	to	eat	pork,	pork,	and	pork.	It's	pork	restuarant.	The	name	of	this	restaurant	means	'empty	stomach',	and	I	think	the	name	fits	this	restaurant.	Visit	this	place	when	your	stomach	is	empty,	and	you'll	get	out	full	:)	-	Prices	:	10~12$	-	Taste	:		4/5	-	Recommendation/How	to	order	:	They	have	two	main	menu,	first	one	is	Spare	rib
roast()	and	second	one	is	Seasoned	Boston	butt().	For	side	menu,	I'll	add	details	with	the	menu	plate	picture.	It	is	located	near	Sinchon	station.	So,	there	are	4	side	menus.	1.	(AirRice)	-	Rice	(Regular	old,	white	rice)	2.	(Momma)	-	Rice,	with	soy	sauce	and	eggs)	3.	(Zen-zang-zzi-gae)	-	Miso	soup	4.	(Dak-Al-Chimp)	-	Steamed	egg,	with	cheese	+	For	who
love	alchohol	:	Soju,	Cass(beer),	Cluod(beer)	..	and	so	on.	Recommendable	restaurants	:	Find	more	at	the	bottom	section!	It	would	be	very	much	appreciated	if	you	share	my	post	if	it	was	helpful	:)	:	Searck	Keywords:	Fine	Korean	Restaurant,	Fine	Korean	restaurants	in	seoul,	Best	Korean	Restaurants,	Best	Korean	restaurants	in	seoul,	Best	Korean
Restaurants	in	Seoul,	Best	restaurants	in	Korea,	Best	Korean	dining	in	Seoul,	Best	Korean	dining	in	Korea,Fine	Gangnam	Korean	Restaurant,	Fine	Korean	restaurants	in	Gangnam,	Best	Korean	Restaurants	near	Gangnam,	Best	Korean	restaurants	in	Gangnam,	Best	Korean	Restaurants	in	Gangnam,	Best	restaurants	in	Gangnam,	Best	Korean	dining	in
Gangnam,	Best	Korean	dining	in	Gangnam,	Best	Gangnam	restaurants,Fine	Hongdae	Korean	Restaurant,	Fine	Korean	restaurants	in	Hongdae,	Best	Korean	Restaurants	near	Hongdae,	Best	Korean	restaurants	in	Hongdae,	Best	Korean	Restaurants	in	Hongdae,	Best	restaurants	in	Hongdae,	Best	Korean	dining	in	Hongdae,	Best	Korean	dining	in	Hongdae,
Best	Hongdae	restaurants,Fine	Sinchon	Korean	Restaurant,	Fine	Korean	restaurants	in	Sinchon,	Best	Korean	Restaurants	near	Sinchon,	Best	Korean	restaurants	in	Sinchon,	Best	Korean	Restaurants	in	Sinchon,	Best	restaurants	in	Sinchon,	Best	Korean	dining	in	Sinchon,	Best	Korean	dining	in	Sinchon,	Best	Sinchon	restaurants	[Seoul,	Hanyang	Univ]
Udon	(noodle)	near	Hanyang	University!	(가,	Udon-Gazoku)		(0)	2019.06.01	[Seoul,	Hongdae/Sinchon]	Fine	Japanese	Ramen	near	Hongdae/Sinchon,	Gamamarui	Ramen(가	)		(0)	2019.06.01	[Seoul,	Hongdae/Sinchon]	Pork,	pork,	pork!	Pork	Restaurant	near	Hongdae/Sinchon!	(,	Gongbog)		(0)	2019.05.25	[Seoul,	Hongdae/Sinchon]	Korean-Japanese	Fusion
Restaurant	near	Hongdae/Sinchon!	(	,	Ginza	Ryoko)		(0)	2019.05.25	[Seoul,	SNU,	Jamsil]	Fine	All-You-Can-Eat	Pork	Restaurant	near	SNU	and	more!	(,	Moo-Han-Tong-Sam)		(0)	2019.05.22	[Seoul,	Itaewon]	Mediterranean	Cuisine	in	Itaewon!	(Petra	Restaurant,	 ندرالا 	 معطم ,	)		(0)	2019.05.20	Page	13I'm	introducing	fine	Korean	restaurants/places	where	actual
local	Koreans	usually	go,	not	only	tourist-targeted	restaurants.	Brief	Review	:	-	Name	:			(Ginza	Ryoko)	-	Summary	:	Fine	place	to	experience	Korean-Japanese	fusion	food.	There	a	lot	of	places	like	this(I	mean,	Korean-Japanese	fusion	restuarant).	But	this	place	is	fine	to	visit	if	you	hang	around	near	Hongdae/Sinchon,	I	guess.	-	Prices	:	7~10$	-	Taste	:	
3.5/5	-	Recommendation/How	to	order	:	There	are	various	categories	you	can	pick.	Rice	bowl	topped	with	meat,	Japanese	curry,	pasta...	I	think	their	signature	menu	is	'	'(Demiglass-DonGgassu,	which	means	Demiglass-pork	cutlet).	Location	:	(Near	Yonsei	University)	So	this	is	the	pork	cutlet	I	mentioned	above.	Do	you	like	demiglass	sauce?	;D	Why	don't
you	try	Rice	bowl,	topped	with	beef(,	Gyu-Dong)?	But	the	amount	of	beef	was	not	enough	for	me..	Recommendable	restaurants	:	Find	more	at	the	bottom	section!	It	would	be	very	much	appreciated	if	you	share	my	post	if	it	was	helpful	:)			:	Searck	Keywords:	Fine	Korean	Restaurant,	Fine	Korean	restaurants	in	seoul,	Best	Korean	Restaurants,	Best	Korean
restaurants	in	seoul,	Best	Korean	Restaurants	in	Seoul,	Best	restaurants	in	Korea,	Best	Korean	dining	in	Seoul,	Best	Korean	dining	in	Korea,Fine	Gangnam	Korean	Restaurant,	Fine	Korean	restaurants	in	Gangnam,	Best	Korean	Restaurants	near	Gangnam,	Best	Korean	restaurants	in	Gangnam,	Best	Korean	Restaurants	in	Gangnam,	Best	restaurants	in
Gangnam,	Best	Korean	dining	in	Gangnam,	Best	Korean	dining	in	Gangnam,	Best	Gangnam	restaurants,Fine	Hongdae	Korean	Restaurant,	Fine	Korean	restaurants	in	Hongdae,	Best	Korean	Restaurants	near	Hongdae,	Best	Korean	restaurants	in	Hongdae,	Best	Korean	Restaurants	in	Hongdae,	Best	restaurants	in	Hongdae,	Best	Korean	dining	in
Hongdae,	Best	Korean	dining	in	Hongdae,	Best	Hongdae	restaurants,Fine	Sinchon	Korean	Restaurant,	Fine	Korean	restaurants	in	Sinchon,	Best	Korean	Restaurants	near	Sinchon,	Best	Korean	restaurants	in	Sinchon,	Best	Korean	Restaurants	in	Sinchon,	Best	restaurants	in	Sinchon,	Best	Korean	dining	in	Sinchon,	Best	Korean	dining	in	Sinchon,	Best
Sinchon	restaurants	[Seoul,	Hongdae/Sinchon]	Fine	Japanese	Ramen	near	Hongdae/Sinchon,	Gamamarui	Ramen(가	)		(0)	2019.06.01	[Seoul,	Hongdae/Sinchon]	Pork,	pork,	pork!	Pork	Restaurant	near	Hongdae/Sinchon!	(,	Gongbog)		(0)	2019.05.25	[Seoul,	Hongdae/Sinchon]	Korean-Japanese	Fusion	Restaurant	near	Hongdae/Sinchon!	(	,	Ginza	Ryoko)		(0)
2019.05.25	[Seoul,	SNU,	Jamsil]	Fine	All-You-Can-Eat	Pork	Restaurant	near	SNU	and	more!	(,	Moo-Han-Tong-Sam)		(0)	2019.05.22	[Seoul,	Itaewon]	Mediterranean	Cuisine	in	Itaewon!	(Petra	Restaurant,	 ندرالا 	 معطم ,	)		(0)	2019.05.20	[Seoul,	Hongdae,	SNU]	Ramen	&	Rice	topped	with	beef/pork	(,	Kadoya)		(0)	2019.05.17	Page	14I'm	introducing	fine	Korean
restaurants/places	where	actual	local	Koreans	usually	go,	not	only	tourist-targeted	restaurants.	This	is	for	one	in	SNU.	Brief	Review	:	-	Name	:		(Moo-Han-Tong-Sam)	-	Summary	:	Fine	place	to	experience	taste	of	Korean	Barbeque!(Korean	BBQ,	which	is	called		''(Samgyeopsal	in	Korean)	They	only	serve	pork,	but	the	price	is	fairly	reasonable.
Samgyeopsal,	Maok-Sal(shoulder),	Galbi	are	sufficient	for	you,	I	guess.The	quality	of	meat	is	better	than	other	cheap-all-you-can-eat	pork	restaurants.	The	secret	lies	in	smoked	samgyeopsal.	Yes,	they	indeed	sell	smoked	samgyeopsal,	which	is	far	better	than	a	thin	one.	-	Prices	:	9$	(10900	Korean	Won)	-	Taste	:		4/5	-	Recommendation/How	to	order	:
Well,	you	also	use	drink	bar,	which	costs	about	1.7$	per	person.	There's	one	in	SNU,	and	one	near	Jamsil.	I	added	two	of	them.	They	were	talking	about	sth	behind	their	professor's	back.	So	these	are	smoked	meat	I	mentioned	earlier.	Above	is	samgyeopsal,		and	below	is	galbi.	Onions,	Kimchi,	garlic,	and	others	sauces	are	also	free!	Let's	get	them	:)
Drink	bar	costs	addition	1.7$	per	person!	(2000	Won	in	Korean	currency)	Warming	up...	Smoked	Samgyeopsal..	you're	so	beautiful.	Whoa..	My	friend	did	the	hard	work.		I	also	love	garlic.	It	smelled	really	nice.	Putting	Kimchi	between	meat..	this	is	how	we	do	in	Korea	Barbeque	Restaurant.	Special	thanks	to	my	friend(at	the	left	side	of	the	photo,	only	his
elbow	is	shown).	Recommendable	restaurants	:	Find	more	at	the	bottom	section!	It	would	be	very	much	appreciated	if	you	share	my	post	if	it	was	helpful	:)			:	Searck	Keywords:	Fine	Korean	Restaurant,	Fine	Korean	restaurants	in	seoul,	Best	Korean	Restaurants,	Best	Korean	restaurants	in	seoul,	Best	Korean	Restaurants	in	Seoul,	Best	restaurants	in
Korea,	Best	Korean	dining	in	Seoul,	Best	Korean	dining	in	Korea,	Fine	SNU	Korean	Restaurant,	Fine	Korean	restaurants	in	SNU,	Best	Korean	Restaurants	near	SNU,	Best	Korean	restaurants	in	SNU,	Best	Korean	Restaurants	in	SNU,	Best	restaurants	in	SNU,	Best	Korean	dining	in	SNU,	Best	Korean	dining	in	SNU,	Best	SNU	restaurants,	[Seoul,
Hongdae/Sinchon]	Pork,	pork,	pork!	Pork	Restaurant	near	Hongdae/Sinchon!	(,	Gongbog)		(0)	2019.05.25	[Seoul,	Hongdae/Sinchon]	Korean-Japanese	Fusion	Restaurant	near	Hongdae/Sinchon!	(	,	Ginza	Ryoko)		(0)	2019.05.25	[Seoul,	SNU,	Jamsil]	Fine	All-You-Can-Eat	Pork	Restaurant	near	SNU	and	more!	(,	Moo-Han-Tong-Sam)		(0)	2019.05.22	[Seoul,
Itaewon]	Mediterranean	Cuisine	in	Itaewon!	(Petra	Restaurant,	 ندرالا 	 معطم ,	)		(0)	2019.05.20	[Seoul,	Hongdae,	SNU]	Ramen	&	Rice	topped	with	beef/pork	(,	Kadoya)		(0)	2019.05.17	[Seoul,	Hongdae]	Neat	Homemade	style	of	Japanese	table	in	Sinchon	(,	Hinokichef)		(0)	2019.05.15	Page	15I'm	introducing	fine	Korean	restaurants/places	where	actual	local
Koreans	usually	go,	not	only	tourist-targeted	restaurants.	Brief	Review	:	-	Name	:	Petra	Restaurant(	 ندرالا 	 معطم ).	-	Summary	:	Fine	place	to	eat	mediterranean	food	in	Seoul!	It	is	located	in	Itaewon.	I'm	not	sure	why,	but	half	of	the	customers	coming	here	was	foreigners.	I	had	a	blind	date	in	this	place,	which	was	the	first	blind	date	of	2019.	It	didnt'	go
well	after	all,	but	that	was	not	because	of	this	restaurant.	Food	was	delicious!	(Well,	at	least	for	me)	-	Prices	:	13~15$	(Individual)	-	Taste	:		4/5	-	Recommendation/How	to	order	:	There's	an	menu	plate	with	english	version.	The	waiter	was	foreigner,	too.	Add	a	location(google	map	script)	with	simple	description!	Let's	get	inside.	This	is	a	menu	plate.	We
ordered	Hommos,	Pita,	Couscous(Lamb).	I	love	hommus.	Once,	my	Turkish	friend	bring	this	for	me	and	I	just	fascinated.	Original	Pita.	use	this	to	dip	hommus!	This	is	Couscous(lamb).	It	is	originally	Maghrebi	dish	of	small	(about	3	millimetres	(0.12	in)	diameter)	steamed	balls	of	crushed	durum	wheat	semolina	that	is	traditionally	served	with	a	stew
spooned	on	top.	(from	wikipedia)	The	lamb	was	realllly	tender.	You	won't	need	a	knife,	or	even	a	fork.	A	spoon	will	suffice.	Outside	view	from	the	window.	It	was	a	bit	cloudy.	Recommendable	places	:	At	the	bottom	section!	+	It	would	be	very	much	appreciated	if	you	share	my	post	if	it	was	helpful	:)			Fine	Itaewon	Korean	Restaurant,	Fine	Korean
restaurants	in	Itaewon,	Best	Korean	Restaurants	near	Itaewon,	Best	Korean	restaurants	in	Itaewon,	Best	Korean	Restaurants	in	Itaewon,	Best	restaurants	in	Itaewon,	Best	Korean	dining	in	Itaewon,	Best	Korean	dining	in	Itaewon,	Best	Itaewon	restaurants,	[Seoul,	Hongdae/Sinchon]	Korean-Japanese	Fusion	Restaurant	near	Hongdae/Sinchon!	(	,	Ginza
Ryoko)		(0)	2019.05.25	[Seoul,	SNU,	Jamsil]	Fine	All-You-Can-Eat	Pork	Restaurant	near	SNU	and	more!	(,	Moo-Han-Tong-Sam)		(0)	2019.05.22	[Seoul,	Itaewon]	Mediterranean	Cuisine	in	Itaewon!	(Petra	Restaurant,	 ندرالا 	 معطم ,	)		(0)	2019.05.20	[Seoul,	Hongdae,	SNU]	Ramen	&	Rice	topped	with	beef/pork	(,	Kadoya)		(0)	2019.05.17	[Seoul,	Hongdae]	Neat
Homemade	style	of	Japanese	table	in	Sinchon	(,	Hinokichef)		(0)	2019.05.15	[Seoul,	Gangnam,	Hongdae]	Korean	School	Food	Franchise!	(가,	Kim-Ga-Ne)		(0)	2019.05.13	Page	16	Brief	Review	:	-	Name	:		(Kadoya,	日本のレストラン)	-	Summary	:	Fine	place	to	taste	Ramen	and	rice	topped	with	beef/pork.	It	started	in	Hongdae,	and	they	now	have	3
restaurants	in	Seoul.	I	think	It's	good.	Not	fantastic,	but	just	good.	-	Prices	:	7~9$	-	Taste	:	3.5/5	-	Recommendation/How	to	order	:	Well,	Sio-Butter-Ramen	is	my	favorite.	But	I	order	GyuDong(Bowl	of	rice	topped	with	beef)	or	Buttadong(Bowl	of	rice	topped	with	spicy	pork)	from	time	to	time.	You	can	use	menu	plate,	since	the	picture	of	each	dish	is	well
described.	I	added	two	places,	one	in	Hongdae	and	one	near	SNU.	Ok,	so	this	is	Sio-Butter-Ramen	I	mentioned	earlier.	It	could	be	little	greasy,	as	the	name	goes.	But	I	love	it.	Start	dieting	tomorrow!	This	is	bowl	of	rice,	topped	with	beef.	Well,	the	meat	is	really	thin,	therefore	tender.	It	was	fine.	I	shot	this	because	It	looks	tasty.	But	don't	be	fooled	by	its
looks!	When	you	go	there	at	lunch,	you	can	get	addtional	discount	on	small	bowl	of	rice.	Give	it	a	try!	:)	You	can	find	more	places	in	the	list	at	the	bottom!	+	It	would	be	very	much	appreciated	if	you	share	my	post	if	it	was	helpful	:)	Fine	Hongdae	Korean	Restaurant,	Fine	Korean	restaurants	in	Hongdae,	Best	Korean	Restaurants	near	Hongdae,	Best
Korean	restaurants	in	Hongdae,	Best	Korean	Restaurants	in	Hongdae,	Best	restaurants	in	Hongdae,	Best	Korean	dining	in	Hongdae,	Best	Korean	dining	in	Hongdae,	Best	Hongdae	restaurants,Fine	Sinchon	Korean	Restaurant,	Fine	Korean	restaurants	in	Sinchon,	Best	Korean	Restaurants	near	Sinchon,	Best	Korean	restaurants	in	Sinchon,	Best	Korean
Restaurants	in	Sinchon,	Best	restaurants	in	Sinchon,	Best	Korean	dining	in	Sinchon,	Best	Korean	dining	in	Sinchon,	Best	Sinchon	restaurants	[Seoul,	SNU,	Jamsil]	Fine	All-You-Can-Eat	Pork	Restaurant	near	SNU	and	more!	(,	Moo-Han-Tong-Sam)		(0)	2019.05.22	[Seoul,	Itaewon]	Mediterranean	Cuisine	in	Itaewon!	(Petra	Restaurant,	 ندرالا 	 معطم ,	)		(0)
2019.05.20	[Seoul,	Hongdae,	SNU]	Ramen	&	Rice	topped	with	beef/pork	(,	Kadoya)		(0)	2019.05.17	[Seoul,	Hongdae]	Neat	Homemade	style	of	Japanese	table	in	Sinchon	(,	Hinokichef)		(0)	2019.05.15	[Seoul,	Gangnam,	Hongdae]	Korean	School	Food	Franchise!	(가,	Kim-Ga-Ne)		(0)	2019.05.13	[Seoul,	Gangnam,	Hongdae]	All-You-Can-Eat	Beef	Restaurant
in	Seoul!()		(0)	2019.05.11	Page	17I'm	introducing	fine	Korean	restaurants/places	where	actual	local	Koreans	usually	go,	not	only	tourist-targeted	restaurants.	Brief	Review	:	-	Name	:	(Hinokichef)	-	Summary	:	Fine	place	to	experience	taste	of	Japanese	homemade	meal.	This	place	is	neat!	-	Prices	:	7~12$	-	Taste	:		3.5/5	-	Recommendation/How	to	order	:
Well,	if	you	came	here	for	the	first	time,	try	the	basic.	This	place	is	located	near	Hongdae	and	Sinchon.	This	is	the	menu	plate.	Price	ranges	from	7$	to	11$.	There	are	a	variety	of	menus,	so	you	would	better	ask	waiter	what	this	menu	is	about.	They're	really	kind!	Recommendable	restaurants	nearby	:	[Korean	Cuisine	and	Attractions/HONGDAE]	-	[Seoul,
Hongdae]	Fine	Fried	Chicken	Franchise!	(BBQ	Chicken	Café,			)	[Seoul,	Hongdae]	Fine	Fried	Chicken	Franchise!	(BBQ	Chicken	Café,			)	I'm	introducing	fine	Korean	restaurants	where	actual	local	Koreans	ususally	go,	not	only	tourist-targeted	restaurants.	So,	some	places	in	my	blog	may	not	look	fancy,	but	I	gaurantee	it	is	worth	payi..
iamfoodie.tistory.com	[Korean	Cuisine	and	Attractions/HONGDAE]	-	[Seoul,	Hongdae]	A	Fine	Bowl	of	Rice	with	Stake	()	[Seoul,	Hongdae]	A	Fine	Bowl	of	Rice	with	Stake	()	I'm	introducing	fine	Korean	restaurants	where	actual	local	Koreans	ususally	go,	not	just	tourist-targeted	restaurants.	So,	some	places	in	my	blog	may	not	look	fancy,	but	I	gaurantee	it
is	worth	payi..	iamfoodie.tistory.com	It	would	be	very	much	appreciated	if	you	share	my	post	if	it	was	helpful	:)	Fine	Korean	Restaurant,	Fine	Korean	restaurants	in	seoul,	Best	Korean	Restaurants,	Best	Korean	restaurants	in	seoul,	Best	Korean	Restaurants	in	Seoul,	Best	restaurants	in	Korea,	Best	Korean	dining	in	Seoul,	Best	Korean	dining	in
Korea#koreanrestaurant	#koreanfood	#seoulfood	#seoulrestaurant	#foodie	#food	#yummy	#foodporn	#tasty		#foodphotography	#foodpix	#delicious	#goodfood	#lovefood		#foodiegrams	#foodiegram	Fine	Hongdae	Korean	Restaurant,	Fine	Korean	restaurants	in	Hongdae,	Best	Korean	Restaurants	near	Hongdae,	Best	Korean	restaurants	in	Hongdae,
Best	Korean	Restaurants	in	Hongdae,	Best	restaurants	in	Hongdae,	Best	Korean	dining	in	Hongdae,	Best	Korean	dining	in	Hongdae,	Best	Hongdae	restaurants,Fine	Sinchon	Korean	Restaurant,	Fine	Korean	restaurants	in	Sinchon,	Best	Korean	Restaurants	near	Sinchon,	Best	Korean	restaurants	in	Sinchon,	Best	Korean	Restaurants	in	Sinchon,	Best
restaurants	in	Sinchon,	Best	Korean	dining	in	Sinchon,	Best	Korean	dining	in	Sinchon,	Best	Sinchon	restaurants	[Seoul,	Itaewon]	Mediterranean	Cuisine	in	Itaewon!	(Petra	Restaurant,	 ندرالا 	 معطم ,	)		(0)	2019.05.20	[Seoul,	Hongdae,	SNU]	Ramen	&	Rice	topped	with	beef/pork	(,	Kadoya)		(0)	2019.05.17	[Seoul,	Hongdae]	Neat	Homemade	style	of	Japanese	table
in	Sinchon	(,	Hinokichef)		(0)	2019.05.15	[Seoul,	Gangnam,	Hongdae]	Korean	School	Food	Franchise!	(가,	Kim-Ga-Ne)		(0)	2019.05.13	[Seoul,	Gangnam,	Hongdae]	All-You-Can-Eat	Beef	Restaurant	in	Seoul!()		(0)	2019.05.11	[Seoul,	SNU]	One	of	Best	Bowl	of	Rice	Topped	with	Deep-Fried	Seafood,	and	others!	(	,	Tendong	Yotsuya)		(0)	2019.05.10	Page
18I'm	introducing	fine	Korean	restaurants/places	where	actual	local	Koreans	usually	go,	not	only	tourist-targeted	restaurants.	Brief	Review	:	-	Name	:	가	(Kim-Ga-Ne),	It	means	Kim's	house	in	Korean.	-	Summary	:	Normal	place	to	experience	taste	of	Korean	School	food,	like	Gimbab,	Tteokbokki,	ramen	and	others!	It's	the	most	common	casual	dining
franchise	mainly	serving	Korean	flour	based	food.	Well,	If	you	want	to	taste	normal	Korean	school	food	where	students,	busy	office	worker	eat	during	lunch,	this	could	be	a	nice	place	to	start.	-	Prices	:	4~?$	-	Taste	:		3/5	-	Recommendation/How	to	order	:	Well,	there	are	a	variety	of	menus	in	there,	but	I	ususally	order	gimbab.	I	don't	go	there	for	tasting,
but	to	comsume	energy,	since	I've	been	eating	gimbabs	a	looot.	I	added	the	location	of	one	in	Gangnam	and	one	in	Hongdae.	It's	menu	plate,	and	you	can	see	there	are	many	types	of	Gimbab	in	there.	This	is	assorted	gimbab.	It	costs	4000	Korean	won.	I	think	It's	too	much	for	a	single	plate,	but	that	was	enough	for	a	lunch.	Don't	be	fooled	by	its	looks.
It's..	well	let's	be	honest.	I	liked	it.	But	not	fully	satisfied.	Maybe	there	are	only	12	pieces..	These	are	the	ingredients.	It's	actually	healthy!	This	is	a	place	where	magic	happens.	And	she	is	a	magician.	Well,	as	I	mentioned	before,	if	you	want	to	taste	normal	Korean	school	food	where	students,	busy	office	worker	eat	during	lunch,	this	could	be	a	nice	place
to	start.	Recommendable	restaurants	nearby	:	[Korean	Cuisine	and	Attractions/HONGDAE]	-	[Seoul,	Hongdae]	A	Fine	Bowl	of	Rice	with	Stake	()	[Seoul,	Hongdae]	A	Fine	Bowl	of	Rice	with	Stake	()	I'm	introducing	fine	Korean	restaurants	where	actual	local	Koreans	ususally	go,	not	just	tourist-targeted	restaurants.	So,	some	places	in	my	blog	may	not	look
fancy,	but	I	gaurantee	it	is	worth	payi..	iamfoodie.tistory.com	[Korean	Cuisine	and	Attractions/GANGNAM]	-	[Seoul,	SNU,	Gangnam]	Best	Beansprout	Hangover	soup	in	Seoul!	(가)	[Seoul,	SNU,	Gangnam]	Best	Beansprout	Hangover	soup	in	Seoul!	(가)	I'm	introducing	fine	Korean	restaurants	where	actual	local	Koreans	ususally	go,	not	only	tourist-
targeted	restaurants.	So,	some	places	in	my	blog	may	not	look	fancy,	but	I	gaurantee	it	is	worth	payi..	iamfoodie.tistory.com	It	would	be	very	much	appreciated	if	you	share	my	post	if	it	was	helpful	:)	Fine	Gangnam	Korean	Restaurant,	Fine	Korean	restaurants	in	Gangnam,	Best	Korean	Restaurants	near	Gangnam,	Best	Korean	restaurants	in	Gangnam,
Best	Korean	Restaurants	in	Gangnam,	Best	restaurants	in	Gangnam,	Best	Korean	dining	in	Gangnam,	Best	Korean	dining	in	Gangnam,	Best	Gangnam	restaurants,Fine	Hongdae	Korean	Restaurant,	Fine	Korean	restaurants	in	Hongdae,	Best	Korean	Restaurants	near	Hongdae,	Best	Korean	restaurants	in	Hongdae,	Best	Korean	Restaurants	in	Hongdae,
Best	restaurants	in	Hongdae,	Best	Korean	dining	in	Hongdae,	Best	Korean	dining	in	Hongdae,	Best	Hongdae	restaurants,	[Seoul,	Hongdae,	SNU]	Ramen	&	Rice	topped	with	beef/pork	(,	Kadoya)		(0)	2019.05.17	[Seoul,	Hongdae]	Neat	Homemade	style	of	Japanese	table	in	Sinchon	(,	Hinokichef)		(0)	2019.05.15	[Seoul,	Gangnam,	Hongdae]	Korean	School
Food	Franchise!	(가,	Kim-Ga-Ne)		(0)	2019.05.13	[Seoul,	Gangnam,	Hongdae]	All-You-Can-Eat	Beef	Restaurant	in	Seoul!()		(0)	2019.05.11	[Seoul,	SNU]	One	of	Best	Bowl	of	Rice	Topped	with	Deep-Fried	Seafood,	and	others!	(	,	Tendong	Yotsuya)		(0)	2019.05.10	[Seoul,	SNU]	Juicy	&	Tender	Grilled	Fish	near	SNU!	(가,	Uh-Boo-Sa-Shi-Gaa)		(0)	2019.05.10
Page	19I'm	introducing	fine	Korean	restaurants/places	where	actual	local	Koreans	usually	go,	not	only	tourist-targeted	restaurants.	Brief	Review	:	-	Name	:			(Sang-Go-Gi-Jea-Jak-So)	-	Summary	:	Great	all-you-can-eat	beef	&	pork	franchise	in	Seoul.	It's	nice,	but	the	quality	of	meat	can	be	different	from	place	to	place.	I	added	maps	below,	one	in	Gangnam
and	another	in	Hongdae.	(update	:	I	also	found	one	in	Jongno)	-	Prices	:	For	only	pork	:	11~12$,	Beef	:	18~19$	-	Taste	:		4/5	-	Recommendation/How	to	order	:	You	can	choose	the	options,	as	I	mentioned	above.	I	added	one	in	Gangnam	and	one	in	Hongdae.	And	also	in	Jongno.	(Order	:	Gangnam,	Hongdae,	Jongno)	When	you	order	all-you-can-eat-beef,
they'll	give	you	a	plate	full	of	meat,	assorted	part	of	beef.	After	you	finish	them,	you	can	choose	whatever	part	of	beef	you	love.	Well,	you	have	to	use	body	language.	Just	point	your	fingers	to	part	of	beef	you	want	to	have	more!	lol	Man..	It	felt	like	time	went	slow.	They	also	provide	steak,	for	once.	It	was	so	tender.	I	invited	special	chef,	Alihan.	Truth	be
told,	he	is	just	a	Turkish	guy	who	loves	beef.	Sorry	for	lying.	But	he	was	an	awesome	cook.	Meat	was	great,	it	was	awesome	since	I	was	with	my	buddies.	Happy	meat,	everyone!	Recommendable	restaurants	nearby	:	[Korean	Cuisine	and	Attractions/HONGDAE]	-	[Seoul,	Hongdae,	SNU]	Best	Vietnamese	franchise	of	Korea	(MiBunDang)	[Seoul,	Hongdae,
SNU]	Best	Vietnamese	franchise	of	Korea	(MiBunDang)	I'm	introducing	fine	Korean	restaurants	where	actual	local	Koreans	ususally	go,	not	just	tourist-targeted	restaurants.	So,	some	places	in	my	blog	may	not	look	fancy,	but	I	gaurantee	it	is	worth	payi..	iamfoodie.tistory.com	[Korean	Cuisine	and	Attractions/GANGNAM]	-	[Seoul,	Gangnam]	Handcrafted
burger	in	Gangnam!	(Gilbert's	Burger	&	Fries)	[Seoul,	Gangnam]	Handcrafted	burger	in	Gangnam!	(Gilbert's	Burger	&	Fries)	I'm	introducing	fine	Korean	restaurants	where	actual	local	Koreans	ususally	go,	not	just	tourist-targeted	restaurants.	So,	some	places	in	my	blog	may	not	look	fancy,	but	I	gaurantee	it	is	worth	payi..	iamfoodie.tistory.com	[Korean
Cuisine	and	Attractions/HONGDAE]	-	[Seoul,	Hongdae]	Fine	Fried	Chicken	Franchise!	(BBQ	Chicken	Café,			)	[Seoul,	Hongdae]	Fine	Fried	Chicken	Franchise!	(BBQ	Chicken	Café,			)	I'm	introducing	fine	Korean	restaurants	where	actual	local	Koreans	ususally	go,	not	only	tourist-targeted	restaurants.	So,	some	places	in	my	blog	may	not	look	fancy,	but	I
gaurantee	it	is	worth	payi..	iamfoodie.tistory.com	It	would	be	very	much	appreciated	if	you	share	my	post	if	it	was	helpful	:)	Fine	Gangnam	Korean	Restaurant,	Fine	Korean	restaurants	in	Gangnam,	Best	Korean	Restaurants	near	Gangnam,	Best	Korean	restaurants	in	Gangnam,	Best	Korean	Restaurants	in	Gangnam,	Best	restaurants	in	Gangnam,	Best
Korean	dining	in	Gangnam,	Best	Korean	dining	in	Gangnam,	Best	Gangnam	restaurants,Fine	Hongdae	Korean	Restaurant,	Fine	Korean	restaurants	in	Hongdae,	Best	Korean	Restaurants	near	Hongdae,	Best	Korean	restaurants	in	Hongdae,	Best	Korean	Restaurants	in	Hongdae,	Best	restaurants	in	Hongdae,	Best	Korean	dining	in	Hongdae,	Best	Korean
dining	in	Hongdae,	Best	Hongdae	restaurants,	[Seoul,	Hongdae]	Neat	Homemade	style	of	Japanese	table	in	Sinchon	(,	Hinokichef)		(0)	2019.05.15	[Seoul,	Gangnam,	Hongdae]	Korean	School	Food	Franchise!	(가,	Kim-Ga-Ne)		(0)	2019.05.13	[Seoul,	Gangnam,	Hongdae]	All-You-Can-Eat	Beef	Restaurant	in	Seoul!()		(0)	2019.05.11	[Seoul,	SNU]	One	of	Best
Bowl	of	Rice	Topped	with	Deep-Fried	Seafood,	and	others!	(	,	Tendong	Yotsuya)		(0)	2019.05.10	[Seoul,	SNU]	Juicy	&	Tender	Grilled	Fish	near	SNU!	(가,	Uh-Boo-Sa-Shi-Gaa)		(0)	2019.05.10	[Seoul,	Gangnam,	SNU]	Korean	Dumplings	franchise?	Right	here!	(,	Bukchon	Sonmandoo)		(0)	2019.05.09	Page	20I'm	introducing	fine	Korean	restaurants/places
where	actual	local	Koreans	usually	go,	not	only	tourist-targeted	restaurants.	Brief	Review	:	-	Name	:			(Tendong	Yotsuya)	-	Summary	:	Fine	place	to	experience	taste	of	Korean	rice	bowl,	topped	with	fired	seafood	and	others.	You	can	change	the	toppings.	I	also	love	shrimp	and	others	but	scallop	was	..	just	awesome.	Everytime	I	go	there,	I	had	to	stand	in
line.	-	Prices	:	11~13$	-	Taste	:		4.5/5	-	Recommendation/How	to	order	:	You	can	just	order	signature	menu.	->		(Special	Tendong).	It	is	located	near	SNU.	It	was	before	the	buisness	hour.	Standing	in	line..	everytime.	You	can	order	same	menu	at	upstairs	and	downstairs,	so	you	can	choose	wherever	you	want.	I	prefer	the	basement.	I	like	the	atmosphere
in	here.	I	want	to	live	in	a	world	where	deep-fried	shrimp	is	0	calories.	Recommendable	restaurants	nearby	:	[Korean	Cuisine	and	Attractions/SNU]	-	[Seoul,	SNU]	Nice	Japanese-Korean	Casserole!	()	[Seoul,	SNU]	Nice	Japanese-Korean	Casserole!	()	I'm	introducing	fine	Korean	restaurants	where	actual	local	Koreans	ususally	go,	not	only	tourist-targeted
restaurants.	So,	some	places	in	my	blog	may	not	look	fancy,	but	I	gaurantee	it	is	worth	payi..	iamfoodie.tistory.com	[Korean	Cuisine	and	Attractions/SNU]	-	[Seoul,	SNU]	"Instagrammable"	Omelette	Rice	restaurant	()	[Seoul,	SNU]	"Instagrammable"	Omelette	Rice	restaurant	()	I'm	introducing	fine	Korean	restaurants	where	actual	local	Koreans	ususally
go,	not	only	tourist-targeted	restaurants.	So,	some	places	in	my	blog	may	not	look	fancy,	but	I	gaurantee	it	is	worth	payi..	iamfoodie.tistory.com	It	would	be	very	much	appreciated	if	you	share	my	post	if	it	was	helpful	:)	,Fine	SNU	Korean	Restaurant,	Fine	Korean	restaurants	in	SNU,	Best	Korean	Restaurants	near	SNU,	Best	Korean	restaurants	in	SNU,
Best	Korean	Restaurants	in	SNU,	Best	restaurants	in	SNU,	Best	Korean	dining	in	SNU,	Best	Korean	dining	in	SNU,	Best	SNU	restaurants,	[Seoul,	Gangnam,	Hongdae]	Korean	School	Food	Franchise!	(가,	Kim-Ga-Ne)		(0)	2019.05.13	[Seoul,	Gangnam,	Hongdae]	All-You-Can-Eat	Beef	Restaurant	in	Seoul!()		(0)	2019.05.11	[Seoul,	SNU]	One	of	Best	Bowl	of
Rice	Topped	with	Deep-Fried	Seafood,	and	others!	(	,	Tendong	Yotsuya)		(0)	2019.05.10	[Seoul,	SNU]	Juicy	&	Tender	Grilled	Fish	near	SNU!	(가,	Uh-Boo-Sa-Shi-Gaa)		(0)	2019.05.10	[Seoul,	Gangnam,	SNU]	Korean	Dumplings	franchise?	Right	here!	(,	Bukchon	Sonmandoo)		(0)	2019.05.09	Ultimate	Guide	to	Korean	Convenience	Store!		(0)	2019.05.07
Page	21I'm	introducing	fine	Korean	restaurants/places	where	actual	local	Koreans	usually	go,	not	only	tourist-targeted	restaurants.	Brief	Review	:	-	Name	:	가(Uh-Boo-Sa-Shi-Gaa)	-	Summary	:	Fine	place	to	experience	taste	of	Korean	grilled	fish.	Their	signature	menu	is	grilled	mackerel.	They	also	sell	spanish	mackerel,		both	are	awesome.	Hmm..
reviewing	this	in	night	makes	me	hungry..	Maybe	it'd	better	not	to	think	about	it	anymore.	-	Prices	:	8-9$	-	Taste	:		4/5	-	Recommendation/How	to	order	:	You	should	try	grilled	mackerel.	And	if	you're	with	your	friends,	add	spanish	mackerel	to	make	one	not	lonely.	Name	of	the	menu	in	Korean	:	(		-	grilled	mackerel,			-	grilled	spanish	mackerel)	It	is	located
near	SNU.	This	is	basic	settings	before	the	main	menu.	Well,	now	she	comes.	All	hail	mackerel!	But	I	couldn't	wish	she	lives	long...	It's	so	tender	and	juicy.	I	think	It's	because	they	use	oven	to	cook	it.	It	feels	like	they're	artificially	moisturized.		Can	you	see	the	oven	over	the	counter?	That's	the	secret!	The	food	was	nice,	place	was	claen.	If	you	want	to
have	fine	grilled	fish	near	SNU,	you	should	pay	a	visit	since	it's	hard	to	find	a	place	to	have	a	good	grilled	fish.	(+	TMI,		I	just	love	fish)	Recommendable	restaurants	nearby	:	[Korean	Cuisine	and	Attractions/SNU]	-	[Seoul,	SNU]Korean	Kimchi	Stew	(가)	[Seoul,	SNU]Korean	Kimchi	Stew	(가)	I'm	introducing	fine	Korean	restaurants	where	actual	local
Koreans	ususally	go,	not	just	tourist-targeted	restaurants.	So,	some	places	in	my	blog	may	not	look	fancy,	but	I	gaurantee	it	is	worth	payi..	iamfoodie.tistory.com	[Korean	Cuisine	and	Attractions/SNU]	-	[Seoul,	SNU]	Handcrafted	Burger	joint!	(Journey)	[Seoul,	SNU]	Handcrafted	Burger	joint!	(Journey)	I'm	introducing	fine	Korean	restaurants	where	actual
local	Koreans	ususally	go,	not	just	tourist-targeted	restaurants.	So,	some	places	in	my	blog	may	not	look	fancy,	but	I	gaurantee	it	is	worth	payi..	iamfoodie.tistory.com	It	would	be	very	much	appreciated	if	you	share	my	post	if	it	was	helpful	:)	Fine	SNU	Korean	Restaurant,	Fine	Korean	restaurants	in	SNU,	Best	Korean	Restaurants	near	SNU,	Best	Korean
restaurants	in	SNU,	Best	Korean	Restaurants	in	SNU,	Best	restaurants	in	SNU,	Best	Korean	dining	in	SNU,	Best	Korean	dining	in	SNU,	Best	SNU	restaurants,	[Seoul,	Gangnam,	Hongdae]	All-You-Can-Eat	Beef	Restaurant	in	Seoul!()		(0)	2019.05.11	[Seoul,	SNU]	One	of	Best	Bowl	of	Rice	Topped	with	Deep-Fried	Seafood,	and	others!	(	,	Tendong
Yotsuya)		(0)	2019.05.10	[Seoul,	SNU]	Juicy	&	Tender	Grilled	Fish	near	SNU!	(가,	Uh-Boo-Sa-Shi-Gaa)		(0)	2019.05.10	[Seoul,	Gangnam,	SNU]	Korean	Dumplings	franchise?	Right	here!	(,	Bukchon	Sonmandoo)		(0)	2019.05.09	Ultimate	Guide	to	Korean	Convenience	Store!		(0)	2019.05.07	[Seoul,	SNU]	Korean	Meat-Noodle!	(	,	Jeju-SangHwae)		(0)
2019.05.06	Page	22I'm	introducing	fine	Korean	restaurants/places	where	actual	local	Koreans	usually	go,	not	only	tourist-targeted	restaurants.	Brief	Review	:	-	Name	:			(Bukchon	Sonmandoo)	-	Summary	:	Fine	place	to	experience	taste	of	Korean	Dumplings.	They	have	a	lot	of	varieties	you	can	enjoy.	-	Prices	:	7~$	-	Taste	:		3.5/5	-	Recommendation/How
to	order	:	When	I	go	there	alone(which	happens	a	lot),	i	order	'assorted	dumplings()'	since	i	can	eat	4	types	of	dumplings	at	the	same	time.	But	if	i	make	a	fortune,	i	will	order	each	menu	one	by	one	to	taste	them.	That's	how	I	love	dumplings.	I'll	add	a	menu.	Since	It's	a	franchise,	you	can	find	them	in	several	places.	I	added	one	from	Gangnam	and	one
from	SNU.	There	were	a	lot	of	shrimp	dumplings	outside	of	restaurant.	They're	stunning.	And	this	is	assorted	dumplings,	.	It's	my	favorite	menu.	Sometimes	i	replace	fried	dumplings	with	Galbee-Dumplings.		Get	your	soy	sauce	ready.	Now	we	are	all	set.	These	small	ones	are	so	tender..	and	juicy.	Fried	ones	for	fatty	like	me.	This	is	the	overall	view	of	this
place.	Everyday,	she	put	more	hard	work	than	I	do	on	my	midterm	exam.	Admirable.	Recommendable	places	:	[Korean	Cuisine	and	Attractions/HONGDAE]	-	[Seoul,	Hongdae,	SNU]	Best	Vietnamese	franchise	of	Korea	(MiBunDang)	[Seoul,	Hongdae,	SNU]	Best	Vietnamese	franchise	of	Korea	(MiBunDang)	I'm	introducing	fine	Korean	restaurants	where
actual	local	Koreans	ususally	go,	not	just	tourist-targeted	restaurants.	So,	some	places	in	my	blog	may	not	look	fancy,	but	I	gaurantee	it	is	worth	payi..	iamfoodie.tistory.com	[Korean	Cuisine	and	Attractions/GANGNAM]	-	[Seoul,	Gangnam]	Cheapest	Coffee	Shop	in	Seoul!	(,	Coffee-only)	[Seoul,	Gangnam]	Cheapest	Coffee	Shop	in	Seoul!	(,	Coffee-only)	I'm
introducing	fine	Cafés,	Snacks,	Bars	where	actual	local	Koreans	enjoy,	not	only	tourist-targeted	restaurants.	So,	some	places	in	my	blog	may	not	look	fancy,	but	I	gaurantee	it	is	worth	pa..	iamfoodie.tistory.com	It	would	be	very	much	appreciated	if	you	share	my	post	if	it	was	helpful	:)	Fine	Korean	Restaurant,	Fine	Korean	restaurants	in	seoul,
Best	Korean	Restaurants,	Best	Korean	restaurants	in	seoul,	Best	Korean	Restaurants	in	Seoul,	Best	restaurants	in	Korea,	Best	Korean	dining	in	Seoul,	Best	Korean	dining	in	Korea#koreanrestaurant	#koreanfood	#seoulfood	#seoulrestaurant	#foodie	#food	#yummy	#foodporn	#tasty		#foodphotography	#foodpix	#delicious	#goodfood	#lovefood	
#foodiegrams	#foodiegram	:	Searck	Keywords:	Fine	Korean	Restaurant,	Fine	Korean	restaurants	in	seoul,	Best	Korean	Restaurants,	Best	Korean	restaurants	in	seoul,	Best	Korean	Restaurants	in	Seoul,	Best	restaurants	in	Korea,	Best	Korean	dining	in	Seoul,	Best	Korean	dining	in	Korea#koreanrestaurant	#koreanfood	#seoulfood	#seoulrestaurant
#foodie	#food	#yummy	#foodporn	#tasty	#foodphotography	#foodpix	#delicious	#goodfood	#lovefood	#foodiegrams	#foodiegramFine	Korean	Restaurant,	Fine	Korean	restaurants	in	seoul,	Best	Korean	Restaurants,	Best	Korean	restaurants	in	seoul,	Best	Korean	Restaurants	in	Seoul,	Best	restaurants	in	Korea,	Best	Korean	dining	in	Seoul,	Best	Korean
dining	in	Korea#koreanrestaurant	#koreanfood	#seoulfood	#seoulrestaurant	#foodie	#food	#yummy	#foodporn	#tasty	#foodphotography	#foodpix	#delicious	#goodfood	#lovefood	#foodiegrams	#foodiegram:	Searck	Keywords:	Fine	Korean	Restaurant,	Fine	Korean	restaurants	in	seoul,	Best	Korean	Restaurants,	Best	Korean	restaurants	in	seoul,	Best
Korean	Restaurants	in	Seoul,	Best	restaurants	in	Korea,	Best	Korean	dining	in	Seoul,	Best	Korean	dining	in	Korea#koreanrestaurant	#koreanfood	#seoulfood	#seoulrestaurant	#foodie	#food	#yummy	#foodporn	#tasty	#foodphotography	#foodpix	#delicious	#goodfood	#lovefood	#foodiegrams	#foodiegramFine	Korean	Restaurant,	Fine	Korean
restaurants	in	seoul,	Best	Korean	Restaurants,	Best	Korean	restaurants	in	seoul,	Best	Korean	Restaurants	in	Seoul,	Best	restaurants	in	Korea,	Best	Korean	dining	in	Seoul,	Best	Korean	dining	in	Korea#koreanrestaurant	#koreanfood	#seoulfood	#seoulrestaurant	#foodie	#food	#yummy	#foodporn	#tasty	#foodphotography	#foodpix	#delicious
#goodfood	#lovefood	#foodiegrams	#foodiegram	[Seoul,	SNU]	One	of	Best	Bowl	of	Rice	Topped	with	Deep-Fried	Seafood,	and	others!	(	,	Tendong	Yotsuya)		(0)	2019.05.10	[Seoul,	SNU]	Juicy	&	Tender	Grilled	Fish	near	SNU!	(가,	Uh-Boo-Sa-Shi-Gaa)		(0)	2019.05.10	[Seoul,	Gangnam,	SNU]	Korean	Dumplings	franchise?	Right	here!	(,	Bukchon
Sonmandoo)		(0)	2019.05.09	Ultimate	Guide	to	Korean	Convenience	Store!		(0)	2019.05.07	[Seoul,	SNU]	Korean	Meat-Noodle!	(	,	Jeju-SangHwae)		(0)	2019.05.06	[Seoul,	Gangnam]	Cheapest	Coffee	Shop	in	Seoul!	(,	Coffee-only)		(0)	2019.05.06	Page	23I'm	introducing	fine	Korean	restaurants/places	where	actual	local	Koreans	usually	go,	not	only	tourist-
targeted	restaurants.	Brief	Review	:	-	Name	:	CU	convenience	store.	You	can	find	these	in	anywhere	in	Korea.	-	Summary	:	You'll	have	to	use	CV	hundreds	of	times	if	you	came	to	Korea.	Why	not	read	a	short	preview?	:)	There	are	literally	hundreds	of	instant	cup	noodles	and	snacks,	so	it's	a	good	place	for	snack	lovers	like	me!	-	Prices	:	0.1~INFINITY$	-
Rating	:		Do	I	have	to?	-	Recommendation/How	to	order	:	Instant	cup	noodle	is	a	good	place	to	start.	Ok,	let's	see	what	they	got.	For	most	part,	I	think	every	CV	in	any	other	countries	is	similar,	but	devils	is	in	the	details.	Let	me	focus	on	the	food!	Upper	part	is	sandwich,	obviously.	Can	you	see	the	black-triangle	shaped	food?	They	are	(Triangle-Shaped
Gimbab).	Variety	of	ingredients	will	be	put	inside	of	rice	and	then	it	is	being	wrapped	with	dried	seaweed.	I	ate	them	a	lot	in	highschool.	I	think	loyal	customers	are	junior	high	and	high	school	students.	Well,	if	you're	not	in	a	mood	for	(Triangle-shaped	Gimbab),	you	can	choose	to	eat	packed	meal.	Well,	it's	packed	in	food	factory,	not	in	home.	Use	the
microwave	oven	to	make	it	warm.	It's	actually	not	that..	no,	let's	be	honest,	i	don't	like	it!	I	only	eat	those	when	I	don't	have	any	other	option.	But	at	least	you	can	consume	energy..	It's	somewhat	irony	that	there	are	healthy	food	like	salad	and	fruits	beneath	the	evil.	Well	they're	notes.	Boring!	Boring	#2.	But	why	do	they	sell	table	tennis	racket?		Well,
there	are	literally	hundreds	of	instant	cup	noodles	in	Korea.	Almost	every	week,	new	product	comes	out.	Some	will	flourish,	some	will	wither.	God	only	knows	which	will	survive.	This	is	the	one	i	really	love.	Black	one	is	the	most	spicy	one	i	guess.	It's	a	torture	rather	than	a	food.	I	personally	prefer	pink	one,	since	it	is	softer	then	the	black.	They	reminds
me	of	2	years	of	military	service.	I	literally	ate	those	to	consume	energy.	Ice	creams	for	fatties	like	me.	But	hagendaz	is	too	expensive!!	You	should	try	one	of	these	hehe.	My	recommendation	:	(Pig	ice	cream	bar).	It	will	make	you..	happy.	In	case	you	get	thirsty.	How	about	trying	some	tea?	Korean	teas	are	nice,	I	guess.	Ok	it's	for	Korean	Snack	time.	If
you	want	to	know	more	about	Korean	snack,	please	leave	a	comment	or	DM	me!	Of	course	you	can	find	chickens.	I	can	even	see	sweet	potatoes	at	the	bottom.	I	love	yakitori.	Or	shish	kebab?	I	don't	care	what	it's	called.	I	just	love	it.	Recommendable	Korean	Foods	:	[Korean	Cuisine	and	Attractions/JAMSIL]	-	[Seoul,	Jamsil]	Japanese	Ramen!	(,	or	Yutaro)
[Seoul,	Jamsil]	Japanese	Ramen!	(,	or	Yutaro)	I'm	introducing	fine	Korean	restaurants	where	actual	local	Koreans	ususally	go,	not	only	tourist-targeted	restaurants.	So,	some	places	in	my	blog	may	not	look	fancy,	but	I	gaurantee	it	is	worth	payi..	iamfoodie.tistory.com	[Korean	Cuisine	and	Attractions/SNU]	-	[Seoul,	SNU]	Just	a	Regular	Burger	(9OUNCE
BURGER&FRIES)	[Seoul,	SNU]	Just	a	Regular	Burger	(9OUNCE	BURGER&FRIES)	I'm	introducing	fine	Korean	restaurants	where	actual	local	Koreans	ususally	go,	not	just	tourist-targeted	restaurants.	So,	some	places	in	my	blog	may	not	look	fancy,	but	I	gaurantee	it	is	worth	payi..	iamfoodie.tistory.com	It	would	be	very	much	appreciated	if	you	share	my
post	if	it	was	helpful	:)	Fine	Korean	Restaurant,	Fine	Korean	restaurants	in	seoul,	Best	Korean	Restaurants,	Best	Korean	restaurants	in	seoul,	Best	Korean	Restaurants	in	Seoul,	Best	restaurants	in	Korea,	Best	Korean	dining	in	Seoul,	Best	Korean	dining	in	Korea#koreanrestaurant	#koreanfood	#seoulfood	#seoulrestaurant	#foodie	#food
#yummy	#foodporn	#tasty		#foodphotography	#foodpix	#delicious	#goodfood	#lovefood		#foodiegram	#koreancv	#conveniencestore	:	Searck	Keywords:	Fine	Korean	Restaurant,	Fine	Korean	restaurants	in	seoul,	Best	Korean	Restaurants,	Best	Korean	restaurants	in	seoul,	Best	Korean	Restaurants	in	Seoul,	Best	restaurants	in	Korea,	Best	Korean
dining	in	Seoul,	Best	Korean	dining	in	Korea#koreanrestaurant	#koreanfood	#seoulfood	#seoulrestaurant	#foodie	#food	#yummy	#foodporn	#tasty	#foodphotography	#foodpix	#delicious	#goodfood	#lovefood	#foodiegrams	#foodiegramFine	Korean	Restaurant,	Fine	Korean	restaurants	in	seoul,	Best	Korean	Restaurants,	Best	Korean	restaurants	in
seoul,	Best	Korean	Restaurants	in	Seoul,	Best	restaurants	in	Korea,	Best	Korean	dining	in	Seoul,	Best	Korean	dining	in	Korea#koreanrestaurant	#koreanfood	#seoulfood	#seoulrestaurant	#foodie	#food	#yummy	#foodporn	#tasty	#foodphotography	#foodpix	#delicious	#goodfood	#lovefood	#foodiegrams	#foodiegram:	Searck	Keywords:	Fine	Korean
Restaurant,	Fine	Korean	restaurants	in	seoul,	Best	Korean	Restaurants,	Best	Korean	restaurants	in	seoul,	Best	Korean	Restaurants	in	Seoul,	Best	restaurants	in	Korea,	Best	Korean	dining	in	Seoul,	Best	Korean	dining	in	Korea#koreanrestaurant	#koreanfood	#seoulfood	#seoulrestaurant	#foodie	#food	#yummy	#foodporn	#tasty	#foodphotography
#foodpix	#delicious	#goodfood	#lovefood	#foodiegrams	#foodiegramFine	Korean	Restaurant,	Fine	Korean	restaurants	in	seoul,	Best	Korean	Restaurants,	Best	Korean	restaurants	in	seoul,	Best	Korean	Restaurants	in	Seoul,	Best	restaurants	in	Korea,	Best	Korean	dining	in	Seoul,	Best	Korean	dining	in	Korea#koreanrestaurant	#koreanfood	#seoulfood
#seoulrestaurant	#foodie	#food	#yummy	#foodporn	#tasty	#foodphotography	#foodpix	#delicious	#goodfood	#lovefood	#foodiegrams	#foodiegram	[Seoul,	SNU]	Juicy	&	Tender	Grilled	Fish	near	SNU!	(가,	Uh-Boo-Sa-Shi-Gaa)		(0)	2019.05.10	[Seoul,	Gangnam,	SNU]	Korean	Dumplings	franchise?	Right	here!	(,	Bukchon	Sonmandoo)		(0)	2019.05.09
Ultimate	Guide	to	Korean	Convenience	Store!		(0)	2019.05.07	[Seoul,	SNU]	Korean	Meat-Noodle!	(	,	Jeju-SangHwae)		(0)	2019.05.06	[Seoul,	Gangnam]	Cheapest	Coffee	Shop	in	Seoul!	(,	Coffee-only)		(0)	2019.05.06	[Seoul,	SNU]	"Instagrammable"	Omelette	Rice	restaurant	()		(0)	2019.05.04	Page	24I'm	introducing	fine	Korean	restaurants/places	where
actual	local	Koreans	usually	go,	not	only	tourist-targeted	restaurants.	Brief	Review	:	-	Name	:		(Je-ju	SangHwae)	-	Summary	:	Fine	place	to	experience	taste	of	Korean	noddle,	served	with	meats!		-	Prices	:	8-9$	-	Rating	:		4/5	-	Recommendation/How	to	order	:	If	you	go	there	with	your	friend,	order	one	with	basics,	(Go-gi-Gook-soo),	and	one	with	spiced,(Bi-
bim-Gook-Soo)!	For	others,	use	the	menu	plate	or	ask	waiter.	Add	a	location(google	map	script)	with	simple	description!	Ok,	so	this	is	the	basic,	(Just	Meat-noodle).	You	can	also	find	these	in	Jeju-island.	Actually,	this	is	my	favorite.	It's	called	Bi-bim-Gook-Soo(),	spice	and	sweet.	But	there's	not	a	lof	meat	in	the	bowl,	that	is	the	only	bummer.
Recommendable	restaurants	nearby	:	[Korean	Cuisine/GANGNAM]	-	[Seoul,	SNU,	Gangnam]	Best	Beansprout	Hangover	soup	in	Seoul!	(가)	[Seoul,	SNU,	Gangnam]	Best	Beansprout	Hangover	soup	in	Seoul!	(가)	I'm	introducing	fine	Korean	restaurants	where	actual	local	Koreans	ususally	go,	not	only	tourist-targeted	restaurants.	So,	some	places	in	my
blog	may	not	look	fancy,	but	I	gaurantee	it	is	worth	payi..	iamfoodie.tistory.com	[Korean	Cuisine/SNU]	-	[Seoul,	SNU]Korean	Kimchi	Stew	(가)	[Seoul,	SNU]Korean	Kimchi	Stew	(가)	I'm	introducing	fine	Korean	restaurants	where	actual	local	Koreans	ususally	go,	not	just	tourist-targeted	restaurants.	So,	some	places	in	my	blog	may	not	look	fancy,	but	I
gaurantee	it	is	worth	payi..	iamfoodie.tistory.com	It	would	be	very	much	appreciated	if	you	share	my	post	if	it	was	helpful	:)	Fine	Korean	Restaurant,	Fine	Korean	restaurants	in	seoul,	Best	Korean	Restaurants,	Best	Korean	restaurants	in	seoul,	Best	Korean	Restaurants	in	Seoul,	Best	restaurants	in	Korea,	Best	Korean	dining	in	Seoul,	Best	Korean	dining
in	Korea#koreanrestaurant	#koreanfood	#seoulfood	#seoulrestaurant	#foodie	#food	#yummy	#foodporn	#tasty		#foodphotography	#foodpix	#delicious	#goodfood	#lovefood		#foodiegram	:	Searck	Keywords:	Fine	Korean	Restaurant,	Fine	Korean	restaurants	in	seoul,	Best	Korean	Restaurants,	Best	Korean	restaurants	in	seoul,	Best	Korean	Restaurants
in	Seoul,	Best	restaurants	in	Korea,	Best	Korean	dining	in	Seoul,	Best	Korean	dining	in	Korea#koreanrestaurant	#koreanfood	#seoulfood	#seoulrestaurant	#foodie	#food	#yummy	#foodporn	#tasty	#foodphotography	#foodpix	#delicious	#goodfood	#lovefood	#foodiegrams	#foodiegramFine	Korean	Restaurant,	Fine	Korean	restaurants	in	seoul,	Best
Korean	Restaurants,	Best	Korean	restaurants	in	seoul,	Best	Korean	Restaurants	in	Seoul,	Best	restaurants	in	Korea,	Best	Korean	dining	in	Seoul,	Best	Korean	dining	in	Korea#koreanrestaurant	#koreanfood	#seoulfood	#seoulrestaurant	#foodie	#food	#yummy	#foodporn	#tasty	#foodphotography	#foodpix	#delicious	#goodfood	#lovefood
#foodiegrams	#foodiegram:	Searck	Keywords:	Fine	Korean	Restaurant,	Fine	Korean	restaurants	in	seoul,	Best	Korean	Restaurants,	Best	Korean	restaurants	in	seoul,	Best	Korean	Restaurants	in	Seoul,	Best	restaurants	in	Korea,	Best	Korean	dining	in	Seoul,	Best	Korean	dining	in	Korea#koreanrestaurant	#koreanfood	#seoulfood	#seoulrestaurant
#foodie	#food	#yummy	#foodporn	#tasty	#foodphotography	#foodpix	#delicious	#goodfood	#lovefood	#foodiegrams	#foodiegramFine	Korean	Restaurant,	Fine	Korean	restaurants	in	seoul,	Best	Korean	Restaurants,	Best	Korean	restaurants	in	seoul,	Best	Korean	Restaurants	in	Seoul,	Best	restaurants	in	Korea,	Best	Korean	dining	in	Seoul,	Best	Korean
dining	in	Korea#koreanrestaurant	#koreanfood	#seoulfood	#seoulrestaurant	#foodie	#food	#yummy	#foodporn	#tasty	#foodphotography	#foodpix	#delicious	#goodfood	#lovefood	#foodiegrams	#foodiegram	[Seoul,	Gangnam,	SNU]	Korean	Dumplings	franchise?	Right	here!	(,	Bukchon	Sonmandoo)		(0)	2019.05.09	Ultimate	Guide	to	Korean
Convenience	Store!		(0)	2019.05.07	[Seoul,	SNU]	Korean	Meat-Noodle!	(	,	Jeju-SangHwae)		(0)	2019.05.06	[Seoul,	Gangnam]	Cheapest	Coffee	Shop	in	Seoul!	(,	Coffee-only)		(0)	2019.05.06	[Seoul,	SNU]	"Instagrammable"	Omelette	Rice	restaurant	()		(0)	2019.05.04	[Seoul,	SNU,	Gangnam]	Best	Beansprout	Hangover	soup	in	Seoul!	(가)		(0)	2019.05.04
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happy	my	buddy	:)	Page	26I'm	introducing	fine	Korean	restaurants/places	where	actual	local	Koreans	usually	go,	not	only	tourist-targeted	restaurants.	Brief	Review	:	-	Name	:			(Coffee-Only)	-	Summary	:	Cheapest	place	to	get	a	take-out	coffee.	But	they	have	everything	you	need!	It	franchise,	yet	I	like	it.	-	Prices	:	1~3$	(The	cheapest	one,
Caffè	Americano,	only	costs	90cents.	For	large	size,	it's	1.2$)	Location	:	You	can	find	these	in	Seoul.	Use	Google	Map!	There	are	many	of	them	in	Gangnam.	It's	a	small	place,	but	they	got	what	it	must	have.	Well,	price	is	what	matters,	right?	(Like	a	poor	student	like	me,	haha)	Coffee	shop	is	a	place	selling	caffeine!	Also,	you	can	try	others	since	you'll
never	find	places	cheaper	than	here.	Well,	there's	a	self	snack	bar.	Oh,	I'm	sorry,	It's	just	a	vending	machine.	It	reminds	me	of	Pokémon	games.	Good	old	days....	have	all	gone	:(	What	can	I	say..	It's	the	cheapest	coffee	of	Korea!	Other	Recommendable	places	:	[Korean	Cuisine/GANGNAM]	-	[Seoul,	Sinsa/Garosugil]	Handcrafted	burger	in	Gangnam!
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